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A grammar can be regarded as a device that enumerates the sen-
tences of a language. We study a sequence of restrictions that limit
grammars first to Turing machines, then to two types of system from
which a phrase structure description of the generated language can
be drawn, and finally to finite state Markov sources (finite auto-
mata). These restrictions are shown to be increasingly heavy in the
sense that the languages that can be generated by grammars meeting
a given restriction constitute a proper subset of those that can be
generated by grammars meeting the preceding restriction. Various
formulations of phrase structure deseription are considered, and the
source of their excess generative power over finite state sources is
investigated in greater detail.

SECTION 1

A language is a collection of sentences of finite length all constructed
from a finite alphabet (or, where our concern is limited to syntax, a finite
vocabulary) of symbols. Since any language L in which we are likely to
be interested is an infinite set, we can investigate the structure of L only
through the study of the finite devices (grammars) which are capable of
enumerating its sentences. A grammar of L can be regarded as a function
whose range is exactly L. Such devices have been called “sentence-gen-
erating grammars.”" A theory of language will contain, then, a specifica-

* This work was supported in part by the U. S. Army (Signal Corps), the U. S.
Air Force (Office of Scientific Research, Air Research and Development Com-
mand), and the U. 8. Navy (Office of Naval Research). This work was also sup-
ported in part by the Transformations Project on Information Retrieval of the
University of Pennsylvania. I am indebted to George A. Miller for several im-
portant observations about the systems under consideration here, and to R. B.
Lees for material improvements in presentation.

1 Following a familiar technical use of the term ‘‘gemerate,’” cf. Post (1944).
This locution has, however, been misleading, since it has erroneously been inter-
preted as indicating that such sentence-generating grammars consider language
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tion of the class F' of funetions from which grammars for particular lan-
guages may be drawn.

The weakest condition that can significantly be placed on grammars is
that ¥ be included in the class of general, unrestricted Turing machines.
The strongest, most limiting condition that has been suggested is that
each grammar be a finite Markovian source (finite automaton).”

The latter condition is known to be too strong; if F is limited in this
way it will not contain a grammar for English (Chomsky, 1956). The
former condition, on the other hand, has no interest. We learn nothing
about a natural language from the fact that its sentences can be effec-
tively displayed, i.e., that they constitute a recursively enumerable set.
The reason for this is clear. Along with a specification of the class F of
grammars, a theory of language must also indicate how, in general, rele-
vant structural information can be obtained for a particular sentence
generated by a particular grammar. That is, the theory must specify a
class = of “structural descriptions” and a functional ® such that given
f € F and z in the range of f, ®(f,x) € Z is a structural deseription of z
(with respect to the grammar f) giving certain information which will
facilitate and serve as the basis for an account of how x is used and un-
derstood by speakers of the language whose grammar is f; i.e., which will
indicate whether z is ambiguous, to what other sentences it is structurally
similar, etc. These empirical conditions that lead us to characterize F
in one way or another are of critical importance. They will not be further
discussed in this paper,® but it is clear that we will not be able to de-

from the point of view of the speaker rather than the hearer. Actually, such gram-
mars take a completely neutral point of view. Compare Chomsky (1957, p. 48).
We can consider a grammar of L to be a function mapping the integers onto L,
order of enumeration being immaterial (and easily specifiable, in many ways) to
this purely syntactic study, though the question of the particular “inputs’’ re-
quired to produce a particular sentence may be of great interest for other inves-
tigations which can build on syntactic work of this more restricted kind.

2 Compare Definition 9, Sec. 5.

3 Except briefly in §2. In Chomsky (1956, 1957), an appropriate® and = (i.e., an
appropriate method for determining structural information in a uniform man-
ner from the grammar) are described informally for several types of grammar,
including those that will be studied here. It is, incidentally, important to recog-
nize that a grammar of a language that succeeds in enumerating the sentences
will (although it is far from easy to obtain even this result) nevertheless be of
quite limited interest unless the underlying principles of construction are such
as to provide a useful structural description.
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velop an adequate formulation of ® and 2 if the elements of F are speci-
fied only as such ‘“unstructured” devices as general Turing machines.
Interest in structural properties of natural language thus serves as an
empirical motivation for investigation of devices with more generative
power than finite automata, and more special structure than Turing
machines. This paper is concerned with the effects of a sequence of in-
creasing heavy restrictions on the class F which limit it first to Turing
machines and finally to finite automata and, in the intermediate stages,
to devices which have linguistic significance in that generation of a sen-
tence automatically provides a meaningful structural desecription. We
shall find that these restrictions are increasingly heavy in the sense that
each limits more severely the set of languages that can be generated.
The intermediate systems are those that assign a phrase structure de-
scritption to the resulting sentence. Given such a classification of special
kinds of Turing machines, the main problem of immediate relevance to
the theory of language is that of determining where in the hierarchy of
devices the grammars of natural languages lie. It would, for example, be
extremely interesting to know whether it is in principle possible to con-
struct a phrase structure grammar for English (even though there is
good motivation of other kinds for not doing so). Before we can hope
to answer this, it will be necessary to discover the structural properties
that characterize the languages that can be enumerated by grammars of
these various types. If the classification of generating devices is reason-
able (from the point of view of the empirical motivation), such purely
mathematical investigation may provide deeper insight into the formal
properties that distinguish natural languages, among all sets of finite
strings in a finite alphabet. Questions of this nature appear to be quite
difficult in the case of the special classes of Turing machines that have
the required linguistic significance.* This paper is devoted to a prelimi-
nary study of the properties of such special devices, viewed as grammars.
It should be mentioned that there appears to be good evidence that
devices of the kinds studied here are not adequate for formulation of a
full grammar for a natural language (see Chomsky, 1956, §4; 1957,
Chapter 5). Left out of consideration here are what have elsewhere been

¢In Chomsky and Miller (1958), a struetural characterization theorem is
stated for languages that can be enumerated by finite automata, in terms of the
cyclical structure of these automata. The basic characterization theorem for
finite automata is proven in Kleene (1956).
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called “grammatical transformations” (Harris, 1952a, b, 1957; Chom-
sky, 1956, 1957). These are complex operations that convert sentences
with a phrase strueture description into other sentences with a phrase
structure description. Nevertheless, it appears that devices of the kind
studied in the following pages must function as essential components in
adequate grammars for natural languages. Hence investigation of these
devices is important as a preliminary to the far more difficult study of
the generative power of transformational grammars (as well as, nega-
tively, for the information it should provide about what it is in natural
language that makes a transformational grammar necessary).

SECTION 2

A phrase structure grammar consists of a finite set of “rewriting rules”
of the form ¢ — ¢, where ¢ and ¢ are strings of symbols. It contains a
special “initial” symbol S (standing for “sentence”) and a boundary
symbol # indicating the beginning and end of sentences. Some of the
symbols of the grammar stand for words and morphemes (grammatically
significant parts of words). These constitute the “terminal vocabulary.”
Other symbols stand for phrases, and constitute the ‘“nonterminal vo-
cabulary” (8 is one of these, standing for the ‘“longest” phrase). Given
such a grammar, we generate a sentence by writing down the initial
string #S#, applying one of the rewriting rules to form a new string
#o1# (that is, we might have applied the rule #S# — #o# or the rule
S — ¢1), applying another rule to form a new string #ps#, and so on, until
we reach a string #e.# which consists solely of terminal symbols and
cannot be further rewritten. The sequence of strings constructed in this
way will be called a “derivation” of #p.#.

Consider, for example, a grammar containing the rules: S — AB,
A — C, CB — Cb, C — a, and hence providing the derivation D =
(#8#, #AB#, #CB#, #Cb#, #ab#). We can represent D diagrammatically
in the form

i | 1)

If appropriate restrictions are placed on the form of the rules ¢ — ¢ (in
particular, the condition that ¢ differ from ¢ by replacement of a single
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symbol of ¢ by a non-null string), it will always be possible to associate
with a derivation a labeled tree in the same way. These trees can be
taken as the structural descriptions discussed in Sec. 1, and the method
of constructing them, given a derivation, will (when stated precisely)
be a definition of the functional ®. A substring z of the terminal string of
a’given derivation will be called a phrase of type A just in case it can
be traced back to a point labeled A in the associated tree (thus, for ex-
ample, the substring enclosed within the boundaries is a phrase of the
type “sentence’). If in the example given above we interpret 4 as Noun
Phrase, B as Verb Phrase, C as Singular Noun, a as John, and b as comes,
we can regard D as a derivation of John comes providing the structural
description (1), which indicates that John is a Singular Noun and a
Noun Phrase, that comes is a Verb Phrase, and that John comes is a
Sentence. Grammars containing rules formulated in such a way that trees
can be associated with derivations will thus have a certain linguistic
significance in that they provide a precise reconstruction of large parts
of the traditional notion of “parsing” or, in its more modern version,
immediate constituent analysis. (Cf. Chomsky (1956, 1957) for further
Jiscussion.)

The basic system of desecription that we shall consider is a system @
of the following form: G is a semi-group under conecatenation with strings
in a finite set V of symbols as its elements, and I as the identity element.
V is called the “vocabulary” of G. V = V,u Vyx(Vr, Vy disjoint), where
Vris the “terminal vocabulary” and Vy the “nonterminal vocabulary.”
V¢ contains I and a “boundary’ element #. Vy contains an element S
(sentence). A two-place relation — is defined on elements of @, read
“can be rewritten as.” This relation satisfies the following conditions:

AxtoMm 1. — is irreflexive.

Axrom 2. A € Vyif and onlyif there are ¢, ¢,  such that Ay — ew.

Axiom 3. There are no ¢, ¥, w such that ¢ — .

Axtom 4. There is a finite set of pairs (x1, @), -+, (Xa, ws) such
that for all ¢, ¢, ¢ — ¢ if and only if there are ¢, ¢2, and 7 < n such
that ¢ = eixjve and Y = @i .

Thus the pairs (x;, w;) whose existence is guaranteed by Axiom 4
give a finite specification of the relation —. In other words, we may think
of the grammar as containing a finite number of rules x; — «; which
completely determine all possible derivations.

The presentation will be greatly facilitated by the adoption of the
following notational convention (which was in fact followed above).
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ConvenTION 1: We shall use capital letters for strings in Vy ; small
Latin letters for strings in V» ; Greek letters for arbitrary strings; early
letters of all alphabets for single symbols (members of V'); late letters
of all alphabets for arbitrary strings.

DuFINITION 1. (@1, -, ¢a)(n = 1) is a Y-derivation of w if ¢ = o1,
w=gn,ando; = on(l £ 7 < n).

DerFixiTION 2. A p-derivation is terminated if it is not a proper initial
subsequence of any o-derivation.’

DerinrrioN 3. The terminal language Le generated by G is the set of
strings z such that there is a terminated #S#-derivation of z.°

DeriniTION 4. G is equivalent to G* if Lg = Lex .

DrFINITION 5. ¢ = ¢ if there is a ¢-derivation of .

= (which is the ordinary ancestral of —) is thus a partial ordering of
strings in G. These notions appear, in slightly different form, in Chomsky
(1956, 1957).

This paper will be devoted to a study of the effect of imposing the
following additional restrictions on grammars of the type described
above.

RestricTioN 1. If ¢ — ¢, then there are A, ¢1, ¢z, w such that ¢ =
§01A§02 , ¥ = ouen, and » = 1.

REestricTiON 2. If ¢ — ¢, then there are A, ¢1, @3, @ such that ¢ =
erles , ¥ = e, 0 #= I, but 4 — w.

REestrIicTION 3. If ¢ — 3, then there are 4, ¢, @2, », a, B such that
e =ede, ¥ = owe,w#Z I[,A— o, but w=aBorw = a.

The nature of these restrictions is clarified by comparison with Axiom
4, above. Restriction 1 requires that the rules of the grammar [i.e., the
minimal pairs (x;, w;) of Axiom 4] all of be the form g1 Adp: — erwepe ,
where A is a single symbol and w > I. Such a rule asserts that 4 — o
in the context ¢;—¢s (which may be null). Restriction 2 requires that
the limiting context indeed be null; that is, that the rules all be of the
form A — w, where A is a single symbol, and that each such rule may be
applied independently of the context in which A appears. Restriction 3

5 Note that a terminated derivation need not terminate in a string of Vi (i.e.,
it may be “blocked’” at a nonterminal string), and that a derivation ending with
a string of Vr need not be terminated (if, e.g., the grammar contains such rules
as ab — cd).

6 Thus the terminal language Lg consists only of those strings of ¥y which are
derivable from #S# but which cannot head a derivation (of =2 lines).
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limits the rules to the form A — aB or A — o (where A,B are single
nonterminal symbols, and a is a single terminal symbol).

DeriNiTiON 6. For i = 1, 2, 3, a fype ¢ grammar is one meeting restrie-
tion 7, and a fype < language is one with a type ¢ grammar. A type 0 gram-
mar (language) is one that is unrestricted.

Type 0 grammars are essentially Turing machines; type 3 grammars,
finite automata. Type 1 and 2 grammars can be interpreted as systems
of phrase structure description.

SECTION 3

Theorem 1 follows immediately from the definitions.

TaeoreM 1. For both grammars and languages, type 0 2 type 1 2
type 2 2 type 3.

The following is, furthermore, well known.

TaroreM 2. Every recursively enumerable set of strings is a type 0
language (and conversely).’

That is, a grammar of type 0 is a device with the generative power of a
Turing machine. The theory of type 0 grammars and type 0 languages
is thus part of a rapidly developing branch of mathematics (recursive
function theory). Conceptually, at least, the theory of grammar can be
viewed as a study of special classes of recursive functions.

TuareoreM 3. Each type 1 language is a decidable set of strings.™

That is, given a type 1 grammar G, there is an effective procedure for
determining whether an arbitrary string « is in the language enumerated
by @. This follows from the fact that if ¢;, v:41 are successive lines of a
derivation produced by a type 1 grammar, then ¢,y cannot contain
fewer symbols than ¢, , since ¢.41 is formed from ¢; by replacing a single
symbol 4 of ¢; by a non-null string . Clearly any string z which has a

7 See, for example, Davis (1958, Chap. 6, §2). It is easily shown that the further
structure in type 0 grammars over the combinatorial systems there described does
not affect this result.

7a But not conversely. For suppose we give an effective enumeration of type 1
grammars, thus enumerating type 1 languages as Li, Ls,--- . Let $1,82,--- be
an effective enumeration of all finite strings in what we can assume (without
restriction) to be the common, finite alphabet of Li,L,,--- . Given the index of
a language in the enumeration Ly ,Ls,- -+ , we have immediately a decision proce-
dure for this language. Let M be the ‘“‘diagonal’”’ language containing just those
strings s; such that s;¢ L;. Then M is a decidable language not in the enumera-
tion.

1 am indebted to Hilary Putnam for this observation.
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#8#-derivation, has a #S#-derivation in which no line repeats, since lines
between repetitions can be deleted. Consequently, given a grammar @
of type 1 and a string 2, only a finite nhumber of derivations (those with
no repetitions and no lines longer than z) need be investigated to deter-
mine whether x € Lg.

We see, therefore, that Restriction 1 provides an essentially more
limited type of grammar than type 0.

The basic relation — of a type 1 grammar is specified completely
by a finite set of pairs of the form (Y1d¢s, ¢1wys). Suppose that « =
a1+ + an . We can then associate with this pair the element

A
/

\\\
/\ 2)
VA

Qg " Op—1 Om

Corresponding to any derivation D we can construct a tree formed from
the elements (2) associated with the transitions between successive lines
of D, adding elements to the tree from the appropriate node as the
derivation progresses.®! We can thus associate a labeled tree with each
derivation as a structural description of the generated sentence. The re-
striction on the rules ¢ — ¥ which leads to type 1 grammars thus has a
certain linguistic significance since, as pointed out in Sec. 1, these gram-
mars provide a precise reconstruction of much of what is traditionally
called “parsing” or ‘“‘immediate constituent analysis.” Type 1 grammars
are the phrase structure grammars considered in Chomsky (1957,
Chap. 4).

SECTION 4

Lemma 1. Suppose that G is a type 1 grammar, and X,B are particu-
lar strings of G. Let G’ be the grammar formed by adding XB — BX
to G. Then there is a type 1 grammar G* equivalent to G'.

Proor. Suppose that X = 4, -+ 4, . Choose C1, +++, Cpy1 new and
distinet. Let  be the sequence of rules

8 This associated tree might not be unique, if, for example, there were a deriva-
tion containing the successive lines 14 Bes , p1AY Bes , since this step in the deriva-
tion might have used either of the rules A — Ay or B — ¢B. It is possible to add
conditions on @ that guarantee uniqueness without affecting the set of generated
languages.
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4, - A,B—Cid,--- A,B

‘—>Cl"'CnB

— 01 ctT Cn0n+1
— BCy -+ Cppy

rd BA103 e Cn+1

— BA; --- 4,

where the left-hand side of each rule is the right-hand side of the im-
mediately preceding rule. Let G* be formed by adding the rules of Q to
G. It is obvious that if there is a #S#-derivation of z in G* using rules of
Q, then there is a #S#-derivation of z in G* in which the rules are ap-
plied only in the sequence @, with no other rules interspersed (note that
x is a terminal string). Consequently the only effect of adding the rules
of @ to G is to permit a string ¢XBy to be rewritten oBXy, and Lgs
contains only sentences of L¢ . It is clear that Lex contains all the sen-
tences of Le and that G* meets Restriction 1.

By a similar argument it can easily be shown that type 1 languages
are those whose gramnmars meet the condition that if ¢ — ¢, then ¢ is
at least as long as . That is, weakening Restriction 1 to this extent will
not increase the class of generated languages.

Lemma 2. Let L be the language containing all and only the sentences
of the form #a"b"a"b"ccc#(mm = 1). Then L is a type 1 language.

Proor. Consider the grammar G with Vi = {a,b,c,],#,

N = {S, SI’S27A;A—;B;BacaD7E7F}>

and the following rules:
(I) (a) 8 — CDS,8F
(b) 8z — 8.8,
SgF d BF
(©) \5,B - BB
(d) Sl - Sl»S'l
S.B — AB)
(©) 8,4 — 44/
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(1I1) (a) [CDA — CEAA\
%) ¢DB — CEBB/
®) %C'Efi — {ICE’}
CEB — BCE
(¢) Ea — BEa
(d) Ea# — Dot
(e) aD — Dao
(IIT) CDFa — «CDF
(Iv) (a) A, A — a}

B,B—b

CDF# — C’Dc#l
(b) 1CDc — Cec

Ce — cc J

where a, 8 range over {4, B, F}.

It can now be determined that the only #S#-derivations of G that
terminate in strings of Vr are produced in the following manner:

(1) the rules of (I) are applied as follows: (a) once, (b) m — 1 times
for some m = 1, (¢c) m times, (d) n — 1 times for some n = 1, and (e)
n times, giving

#CDay - -+ ctnymF'#
where a; = A fori = m, a; = Bfori > mn
(2) the rules of (IT) are applied as follows: (a) once and (b) once,
giving
#&1C’Ea1 e Oln+mF#9
(¢) » + m times and (d) once, giving
#ouCay « * + anyull Doy
() n + m times, giving
#&10Da2 te anFal#
(3) the rules of (II) are applied, as in (2), n + m — 1 more times,
giving
#a; -+ @nomCDFay -+ apomd

9 Where here and henceforth, @; = A if a; = A, @; = B if a; = B. Note that
use of rules of the type of (I1), (b), (¢), (&), and (III) is justified by Lemma 1.
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(4) the rule (III) is applied n 4+ m times, giving
#ay - -+ Bnpmon + 0 AnymCDF#

(5) the rules of (IV) are applied, (a) 2 (n + m) times, (b) once,

giving
#a"b"a b ccc#

Any other sequence of rules (except for a certain freedom in point of
application of [IVa]) will fail to produce a derivation terminating in a
string of V. Notice that the form of the terminal string is completely
determined by step (1) above, where n and m are selected. Rules (II)
and (IIT) are nothing but a copying device that carries any string of the
from #CDXF# (where X is any string of A’s and B’s) to the correspond-
ing string #XXCDF#, which is converted by (IV) into terminal form.

By Lemma 1, there is a type 1 grammar G* equivalent to G, as was
to be proven.

TerorEM 4. There are type 1 languages which are not type 2 lan-
guages.

Proor. We have seen that the language L consisting of all and only
the strings #a"b"a"b"cce# is a type 1 language. Suppose that G is a type
2 grammar of L. We can assume for each A in the vocabulary of G that
there are infinitely many #’s such that A = x (otherwise A can be elimi-
nated from @ in favor of a finite number of rules of the form B — ¢z,
whenever G contains the rule B — ¢ A, and A = 2). L contains infi-
nitely many sentences, but G contains only finitely many symbols. There-
fore we can find an A such that for infinitely many sentences of L there
is an #S#-derivation the next-to-last line of which is of the form zAy
(i.e., A is its only nonterminal symbol). From among these, select a
sentence s = #a"b"a"b"cce# such that m + n > r, where a; - -+ a, is
the longest string z such that A — 2 (note that there must be a z such
that A — z, since A appears in the next-to-last line of a derivation of a
terminal string; and, by Axiom 4, there are only finitely many such 2’s).
But now it is immediately clear that if (¢1, - -« , @iq1) I8 & #S#-derivation
of s for which ¢; = #xAy#, then no matter what x and y may be,

(401:"',%)

is the initial part of infinitely many derivations of terminal strings not
in L. Hence @ is not a grammar of L.
We see, therefore, that grammars meeting Restriction 2 are essentially
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less powerful than those meeting only Restriction 1. However, the extra
power of grammars that do not meet Restriction 2 appears, from the
above results, to be a defect of such grammars, with regard to the in-
tended interpretation. The extra power of type 1 grammars comes (in
part, at least) from the fact that even though only a single symbol is
rewritten with each addition of a new line to a derivation, it is never-
theless possible in effect to incorporate a permutation such as AB — BA
(Lemma 1). The purpose of permitting only a single symbol to be re-
written was to permit the construction of a tree (as in See. 2) as a
structural description which specifies that a certain segment x of the
generated sentence is an 4 (e.g., in the example in Sec. 2, John is a
Noun Phrase). The tree associated with a derivation such as that in the
proof of Lemma 1 will, where it incorporates a permutatlon AB — BA,
specify that the segment derived ultimately from the B of -+- BA -+ - is
an A, and the segment derived from the 4 of --- BA --- is a B. For
example, a type 1 grammar in which both John will come and will John
come are derived from an earlier line Noun Phrase—Modal-Verb, where
will John come is produced by a permutation, would specify that will
in will John come is a Noun Phrase and John a Modal, contrary to in-
tention. Thus the extra power of type 1 grammars is as much a defect
as was the still greater power of unrestricted Turing machines (type 0
grammars).

A type 1 grammar may contain minimal rules of the form ¢ dgs —
e , whereas in a type 2 grammar, ¢; and ¢ must be null in this case.
A rule of the type 1 form asserts, in effect, that A — w in the context
e1—e2 . Contextual restrictions of this type are often found necessary
in construction of phrase structure descriptions for natural languages.
Consequently the extra flexibility permitted in type 1 grammars is im-
portant. It seems clear, then, that neither Restriction 1 nor Restriction 2
is exactly what is required for the complete reconstruction of immediate
constituent analysis. It is not obvious what further qualification would
be appropriate.

In type 2 grammars, the anomalies mentioned in footnote 5 are
avoided. The final line of each terminated derivation is a string in V.,
and no string in V7 can head a derivation of more than one line.

SECTION 5

We consider now grammars meeting Restriction 2.
DEFINITION 7. A grammar is self-embedding (s.e.) if it contains an A
such that for some o (p == I = ¢), A = pAy.
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DerintTION 8. A grammar G is regulor if it containg only rules of the
form A — a or A — BC, where B = C; and if whenever 4 — ¢;By; and
A — 1 By» are rules of G, then ¢, = ¢:(7 = 1, 2).

TareoreM 5. If G is a type 2 gramamar, there is a regular grammar G*
which is equivalent to G and which, furthermore, is non-s.e. if ¢ is
non-s.e.

Proor. Define L(¢) (ie., length of ¢) tobe mif ¢ = a; - -+ am , where
a; # 1.

Given a type 2 grammar &, consider all derivations D = (g1, + -, ¢:)
meeting the following four conditions:

(a) for some A, ¢ = A

(b) D contains no repeating lines

(¢) Lipia) < 4

(d) L(ps) = 4 or ¢, is terminal.

Clearly there is a finite number of such derivations. Let Gy be the gram-
mar containing the minimal rule ¢ — y just in case for some such deriva-
tion D, ¢ = ¢ and ¢ = ¢;. Clearly G; is a type 2 grammar equivalent
to G, and is non-s.e. if G is non-s.e., since ¢ — ¢ in Gy only if ¢ = ¢ in G.

Suppose that Gy contains rules R; and R, :

Ri: A — @By = wiwawsswi(w; = I)
Ry : A — 1By
where ¢1 # Y1 Or 2 # ¢2 . Replace R; by the three rules
Ru:4—>CD
Ry : C — o
Riz: D — oy

where C' and D are new and distinet. Continuing in this way, always
adding new symbols, form G, equivalent to G, , non-s.e. if Gy is non-s.e.,
and meeting the second of the regularity conditions.

If G, contains a rule A — o -« - @,(a; 3£ I, n > 2), replace it by the
rules

R1:A-—>a1---an_2B
R : B — 0tn_y0tn

where B is new. Continuing in this way, form G; .
If G5 contains A — ab(a ¢ I # b), replace it by A — BC, B — q,
C — b, where B and C are new. If (; contains A — aB, replace it by
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A — CB, C — a, where C is new. If it contains 4 — Ba, replace this by
A — BC, C — a, where C is new. Continuing in this way form G,. G
then is the grammar G* required for the theorem.

Theorem 5 asserts in particular that all type 2 languages can be gen-
erated by grammars which yield only trees with no more than two
branches from each node. That is, from the point of view of generative
power, we do not restrict grammars by requiring that each phrase have
at most two immediate constituents (note that in a regular grammar, a
“phrase” has one immediate constituent just in case it is interpreted as
a word or morpheme class, i.e., a lowest level phrase; an immediate
constituent in this case is a member of the class).

Derinrrion 9. Suppose that 2 is a finite state Markov source with a
symbol emitted at each inter-state transition; with a designated initial
state Sy and a designated final state S; ; with # emitted on transition
from Sy and from S; to So, and nowhere else; and with no transition
from 8; except to S . Define a sentence as a string of symbols emitted
as the system moves from Sp to a first recurrence of S;. Then the set
of sentences that can be emitted by 2 is a finste state language.”

Since Restriction 3 limits the rules to the form A — aB or 4 — g,
we immediately conclude the following.

TuroreM 6. The type 3 languages are the finite state languages.

Proor. Suppose that G is a type 3 grammar. We interpret the symbols
of Vy as designations of states and the symbols of V as transition sym-
bols. Then a rule of the form A4 — aB is interpreted as meaning that a
is emitted on transition from A to B. An #S#derivation of & can in-
volve only one application of a rule of the form 4 — a. This can be in-
terpreted as indicating transition from 4 to a final state with a emitted.
The fact that # bounds each sentence of L¢ can be understood as indicat-
ing the presence of an initial state So with # emitted on transition from
Sp to S, and as a requirement that the only transition from the final
state is to Sy, with # emitted. Thus G can be interpreted as a system
of the type described in Definition 9. Similarly, each such system can
be described as a type 3 grammar.

10 Alternatively, = can be considered as a finite automaton, and the generated
finite state language, as the set of input sequences that carry it from Sy to a first
recurrence of Sy . Cf. Chomsky and Miller (1958) for a discussion of properties of
finite state languages and systems that generate them from a point of view re-

lated to that of this paper. A finite state language is essentially what is called in
Kleene (1956) a ‘“‘regular event.”
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Restriction 3 limits the rules to the form 4 — aB or 4 — a. From
Theorem 5 we see that Restriction 2 amounts to a limitation of the rules
tothe form A — aB, A — a, or A — BC (with the first type dispensable).
Hence the fundamental feature distinguishing type 2 grammars (sys-
tems of phrase structure) from type 3 grammars (finite automata) is
the possibility of rules of the form A — BC in the former. This leads to
an important difference in generative power.

TuroreEM 7. There exist type 2 languages that are not type 3 lan-
guages, (Cf. Chomsky, 1956, 1957.)

In Chomsky (1956), three examples of non-type 3 languages were
presented. Let L; be the language containing just the strings a"d"; L,
the language containing just the strings zy, where x is a string of a’s
and b’s and y is the mirror image of z; Ls , the language consisting of all
strings zz where « is a string of o’s and &’s. Then L;, L., and L; are
not type 3 languages. L; and L, are type 2 languages (¢f. Chomsky,
1956). L; is a type 1 language but not a type 2 language, as can be shown
by proofs similar to those of Lemma 2 and Theorem 4.

Suppose that we extend the power of a finite automaton by equipping
it with a finite number of counters, each of which can assume infinitely
many positions. We permit each counter to shift position in a fixed way
with each inter-state transition, and we permit the next transition to be
determined by the present state and the present readings of the counters.
A language generated (asin Definition 9) by a system of this sort (where
each counter begins in a fixed position) will be called a counter language.
Clearly L, though not a finite state (type 3) language, is a counter
language. Several different systems of this general type are studied by
Schiitzenberger, (1957), where the following, in particular, is proven.

TurorEM 8. L is not a counter language.

Thus there are type 2 languages that are not counter languages.” To
summarize, Ly is a counter language and a type 2 language, but not a
type 3 (finite state) language; L. is a type 2 language but not a counter
language (hence not a type 3 language); and L; is a type 1 language but
not a type 2 language.

it In Chomsky (1956, p. 119) and Chomsky (1957, p. 34), it was erroneously
stated that Ls cannot be generated by a phrase structure system. This is true for
a type 2, but not a type 1 phrase structure system.

12 The further question whether all counter languages are type 2 languages G.e.,

whether counter languages constitute a step between types 2 and 3 in the hier-
archy being considered here) has not been investigated.



152 CHOMSKY

From Theorems 2, 3, 4 and 7, we conclude:

TreEOREM 9. Restrictions 1, 2 and 3 are increasingly heavy. That is,
the inclusion in Theorem 1 is proper inelusion, both for grammars (triv-
ially) and for languages.

The fact that L is a type 2 language but neither a type 3 nor a counter
language is important, since English has the essential properties of L,
(Chomsky, 1956, 1957). We can conclude from this that finite auto-
mata (even with a finite number of infinite counters) that produce sen-
tences from ‘““left to right” in the manner of Definition 9 cannot consti-
tute the class F (ef. Sec. 1) from which grammars are drawn; i.e., the
devices that generate language cannot be of this character.

SECTION 6

The importance of gaining a better understanding of the difference in
generative power between phrase structure grammars and finite state
sources is clear from the considerations reviewed in Sec. 5. We shall
now show that the source of the excess of power of type 2 grammars over
type 3 grammars lies in the fact that the former may be self-embedding
(Definition 7). Because of Theorem 5 we can restrict our attention to
regular grammars.

Construction: Let G be a non-s.e. regular (type 2) grammar. Let

K={(A4s, -+ ,4n)|m =1 or
for 1=e<jEmAi—ediny and A; = A},

We construct the grammar G’ with each nonterminal symbol represented
in the form [B; - - - B,):(¢ = 1, 2), where the B;’s are in turn nontermi-
nal symbols of G, as follows:"
Suppose that (B, -+, B,) € K.
(i) If B, = a in G, then [B; -+ B, — a[Bq - - B.].
(ii) If B, — CD where C' £ B; # D({ £ n), then
(a) [By -+ Bah — [By -+« B.Cly
(b) [By -+ BuCl = [By - -+ B.Dlt
(¢) [By -+ BuDls— [B1 -+~ Byl

13 Since the nonterminal symbols of G and G’ are represented in different forms,
we can use the symbols — and = for both ¢ and G’ without ambiguity.
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(iii) If B, — CD where B; = D for some 7 < n, then
(a) [By -+ Boly — [By -+ B.Cl
(b) [B1 v BnC]2 a4 [Bl -+ Bji.
(iv) If B, — CD where B; = C for some ¢ £ n, then
(a) [Bl v Bi]Z — [By -+ - B.D]
(b)Y [Br--- B.Dl; = [By -+ Bils.
We shall prove that G is equivalent to G (when slightly modified ).
The character of this construction can be clarified by consideration
of the trees generated by a grammar (cf. Sec. 3). Since G is regular and
non-s.e., we have to eonsider only the following configurations:

(a) (b) (c) (d)
B B, By B,
N /IN /N /TN
Bg B2 B, B
AN /NN /N
B. B B, B:
a C D El B¢+1 Bi+1 E;
AN N
E2 Bq;+2 Bi+2 E2

AN N
B. B,
VAN AN
¢ B, B, D
where at most two of the branches proceeding from a given node are
non-null; in cage (b), no node dominated by B, is labeled B:(¢ £ n);
and in each case, B; = S. ,

(1) of the construction corresponds to case (3a), (ii) to (3b), (iii) to
(3¢), and (iv) to (3d). (3¢) and (3d) are the only possible kinds of re-
cursion. If we have a configuration of the type (3¢), we can have sub-
strings of the form (2; - - - @,—q)* (where E; = z;, C =y) inthe result-
ing terminal strings. In the case of (3d) we can have substrings of the
form (yZn—i -+ - 21)* (where D = y, E; = ;). (iii) and (iv) accommo-
date these possibilities by permitting the appropriate cycles in G. To
the earliest (highest) occurrence of a particular nonterminal symbol
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B, in a particular branch of a tree, the construction associates two non-
terminal symbols [B; - - - B,hiand [By -+« B,]s, where By, --- , B,.; are
the labels of the nodes dominating this occurrence of B, . The deriva-
tion in G’ corresponding to the given tree will contain a subsequence
(#[By+++ Byli, -+ 22[By + - - B,]s), where B, = z and z is the string
preceding this occurrence of # in the given derivation in G. For example,
corresponding to a tree of the form

A B (4)

generated by a grammar G, the corresponding G’ will generate the deriva-
tion (5) with the accompanying tree:

L [Sh [Sh

2. [S4] (iia) [gA h
) /
3. d[SA] (1) a [SA]
.. | (5)
4. a[SBh (iib) [SBlL
) N
5. ab[SBl: (i) b [S|B]2
6. ab[S (iic) [S]s

where the step of the construction permitting each line is indicated at
the right.

‘We now proceed to establish that the grammar G given by this con-
struction is actually equivalent (with slight modification) to the given
grammar G. This result, which requires a long sequence of introductory
lemmas, is stated in a following paragraph as Theorem 10. From this
we will conclude that given any non-s.e. type 2 grammar, we can con-
struct an equivalent type 3 grammar (with many vacuous transitions
which are, however, eliminable; ¢f. Chomsky and Miller, 1958). From
this follows the main result of the paper (Theorem 11), namely, that
the extra power of phrase structure grammars over finite automata as
language generators lies in the fact that phrase structure grammars may
be seli-embedding.
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Lemma 3. If (44, ---,A4,) € K, where K is as in the construction,
then A; = A, forl £ =k S m.

Lemuva 4. If [By -+ Buli — a[By -+ - Bly, C # By(k £ m,n), and
C — aBB, then [CB; - -+ B,]; — 2[CB, - -+ B,];.

Proofs are immediate.

Lemma 5. If (By, -+ ,B,) € Kand1 < m = n, then

(a) if B, = By, it is not the case that B, = B.y¥(1 < n;7 = m)

(b) if B, = By, it is not the case that B; = ¢B,.(7 £ n;4 = m)

(e) if Bn = B, it is not the case that B; = wBuwBnwsi(i £ n)

Proor. Suppose that B, = ¢B; and for some 7 # m, B; = B..
RNV = I 30 By lemma 3, Bl = wlBim . Bm = qawlBiwg = gawle|[/wz .
Contra., since now B,, is self-embedded. Similarly, case (b). Suppose
B.. = ¢Bw and for some 7, B; = o1BuweBnws. . By = x1Bi =
Xlwleszmw3X2 = w4B]_CO5B10)e = w7B1wgBlwgBlws . Contra. (S.e.).

To facilitate proofs, we adopt the following notational convention:

CoNVENTION 2. Suppose that (¢, - -, ¢r) is a derivation in G/ formed
by construction. Then ¢; = a; -+ a.Q; (where @, is the unique non-
terminal symbol that can appear in a derivation™), Q; — @;41Qi41.°
2 = Ot G 2 = 2

LemMa 6. Suppose that D = (¢, + -+, ¢,) is a derivation in G’ where
Q- = [Bi]z . Then:

(I)if @y = [Bil, (C1, -+ ,Cmta) € K,Ci—> A1Ciys (for 1= 4 < m),
and C,41 = By, then there is a derivation

([Cl e Clmlgl]l y T 27[01]2) n @.
(II) if g1 = [By - - - By} and B, = B, then there is a derivation
([Bn]l s "7 zT[-B’IL]2) in G,.

Proor. Proof is by simultaneous induction on the length of 2, , i.e.
the number of non-null symbols among a1, -+- , ar. .

Suppose that the length of 2, is 1. .. there is one and only one 7 s.t.
Qi =1[-hand Qiys = [---]2.

(2) Suppose that ¢ > 1. Then ¢; = Q; is formed from @;; by a rule
whose source is (iia) or (iila), and ¢;2 = @;1Qs4e is formed from
¢iv1 = @:31Qip1 by a rule whose source is (iic) or (ivb). But for some

)

14 Unless the initial line contained more than one nonterminal symbol, a case
which will never arise below.

15 Note that a1 will always be T unless the step of the construction justifying
0i — @ip1is (1). a; will generally be T in this sequence of theorems.
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ky Qiy = [By - Bii, @ = [Br-+- Bpli, Qizx = [Br -+ Bryl,
Qiyo = [By -+ Bilz. .. By — ByaD for some D, By, — EBy.;, for some
E, which contradicts the assumption that G is regular. .. 7 = 1.

(b) Consider now (I). Since ¢ = 1, r = 2. .. By — 2, . By assumption
about the C’s and m applications of Lemma 4, and (i) of the construc-
tiOD, [Cl o CmB1]1 — 2’2[01 e CmB1]2 . Since Cl — A¢+1Ci+1(0~; = Oj
for1 £i<j2m+1,snce (Ci, -, Cnys) € K by assumption), it
follows that [C] e C,"Bl]g — [C]_ L Cm]z - [01 . Cm_1]2 cer > [01]2 .
A ([Cl e OmBl]l 5 ZQ[C]_ s CmBl]z, 22[01 .. Cm]z, tecy, 22[01]2) is the
required derivation.

(¢) Consider now (II). Since ¢ = 1, B, — 2z and [B,}; — 2[B.]2, by
(1) of comstruction. .. ([B.li, 2[Bxlz) is the required derivation.

This proves the lemma, for the case of 2, of length 1.

Suppose it is true in all cases where 2, is of length < ¢.

Consider (I). Let D be such that 2, is of length ¢. If none of Cy, -- -,
(.. appearsin any of the @.’s in D, then the proof is just like (a), above.
Suppose that ¢; is the earliest line in which one of €y, + -+, Cw, say C,
appears in ;. j > 1, since Ci, - -+, Cn 3 B1. By assumption of non-
s.e., the rule @;,1 — a;Q; used to form ¢; can only have been intro-
duced by (iib).!* = Q;s = [By - B.El, @, = [B1--- B.Ci}1, B.
— ECk .

But Cy, -+, Cndonotoccurin @, -- -, Q;4 and

(Ci, -+ ,Cn,B1) € K.
-, by Lemma 4,
([Cy -+ CuBily + -+, 2i4[C1 - -+ CuBy -+ BuE]) (6)

is a derivation. Furthermore 2z, ; is not null, sinee there is at least one
transition from [---]; to [- -]z in (6), which must therefore have been
introduced by (i) of the construction. But B, — EC . ..

[Cy-- CuBy -+ BuE,—[Cr - Cils (7)
[by (iiib)]. Furthermore we know that
([Bl T Ban]1 y Tty 2£+1[Bﬂ2) (8)

16 Tt, can only have been introduced by (iia), (iib), (iiia), (iva), or Ci will ap-
pear in Q;_; . Suppose (iia). .. Q;u1 = [By --- Bgl, @; = [B1 --- BeCil1, and
B,— CiD.But € = ¢B,. Contra. by Lemma 5 (a). Suppose (iiia). Same. Suppose
(iva). = Qo1 = [By --- Bila, Q; = [By-+- Biyohi (g 2 1), Biyg-1 — BiBiy, where
C/; = BH—S (1 é S é q). But Ck=>¢Bl » l[/ = I - Ck = ybwlB¢+q_1w2 — g&wlBiBz:ng
= YoCiwB g2 , contra. . introduced by (ib).
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must be a derivation, since [B; - - - B,.Cili = @, ; 1.e., (8) is just the tail
end (¢;, « - ,¢,) of D, with the initial segment z; deleted from each of
@i, 0. Since z; is not null, 22" is shorter than 2, , hence is of
length <{. Also, Ci = xB,;, by assumption. .. by inductive hypothesis
(I1), there is a derivation

([Cih, -+ 5 2 7[Chle) (9)
~. by inductive hypothesis (1), there is a derivation
(¢ -+« Ciliy -+, 2T CHL) (10)

Combining (6), (7), (10), we have the required derivation.

Consider now (II). If » = 1 or there is no such derivation of length
{, the proof is trivial. Assume n > 1.

Let ¢; contain the first @ of the form [By --- B.li(j > 1,m = n).
Since B, = zBy, it follows from Lemmas 3, 5 that B,, = yB;. Since
m = n, we see by checking through the possibilities in the construction
that not all of @y, -+ - , @, are of the form [---];. ... there was at least
one application of (1) in forming (¢1, -+ , @j—1). . 2;1 is not null. But

([Bi -+ Buh, -, & [Bil) (11)

is, like (8), a derivation. .. by inductive hypothesis (II), there is a
derivation

((Bali, -+ 2 "[Buk) (12)

where 2i* is shorter than z, .

Let ¢, contain the first @ of the form [B; -+ - B,l(m =< n). As above,
B., = yB;. From Lemma 5 it follows that the rule used to form ¢k+1
must be justified by (ic) or (ivb) of the construction. In either case,
Qr41 = [By -+ - Byily . Similarly, we show that

([By -+ Buls, -, [Bil2) (13)
is a derivation. .. z, = 2.
Let ¢ = min(j,k). Then all of @, - -+, Q,_1 are of the form
[Bl Lo Bn+s]i «
It is clear that we can construct ¢, , - - - , Yo 8.b. for p < ¢, ¥, = 2,Q,,
where Q," = [B, -+ Buyl: when @, = [B; --- B,,): . Consequently
([Balis -+ s 201Qe1) (14)

is a derivation.
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Suppose ¢ = j. . Qg1 = [B1 * -+ Bupli— a4[B1 - - Bult = Qj, where
m < n < n -+ » .. this rule can only have been introduced by (iiib)
of the construction. .» ¢ = 2 and B,yp1 — Bo1wBau .

Case 1. Suppose m = n. .

[Bn et Bn+v]2 b [Bn]l = [Bm]1 (15)

Combining (14), (15), (12), We have the required derivation.
Case 2. Suppose m < . .. By, # By, -++ ,Bpyy.

[Br -+ Bnils = [Bn « = BuyoiBuh (16)

by (iib). We have seen that B, = yB;. .. Bpy w = B;. .. for
s<v—1, Byps — EByisi1, by Lemma 5.

But (12) is a derivation where 2.7 is of length <t. .. by inductive
hypothesis (I) there is a derivation

([Bn e Bn—l—v-—le]l y T Z£+1[Bn]2) (17)

Combining (14), (16), (17), we have the required derivation.

Suppose, finally, that ¢ = k. We have seen that in this case 2z, = & .
But Q.1 = [B1 *++ Bagols = ai[B1 - Bulz, Wherem =n <n +v. .
this rule can only have been introduced by (iic) or (ivb). In either case,
i=2,m=mn,0v=1and Qi1 = [BuBusls — @i[B,): . Combining this
with (14) we have the required derivation.

We have thus shown that the lemma is true in case z, is of length 1,
and that it is true for z, of length ¢ on the assumption that it holds for
2, of length <. Therefore it holds for every derivation D.

LemMma 7. Suppose that D = (¢1, -+, ¢.) is a derivation in G where
Q1 = [B1]1 . Then

@) if ¢, = [Bile, (Cr, - -~ 1 Cnp1) €K, Ci—Cindipn (1 £ 4= m),
and Cp,41 = Bi, then there is a derivation

) ([Ol]l y T, ZT[CI e CmBl]2) in G’.
(II) if ¢, = [B: - -+ Bu]s and B, = By, then there is a derivation
([Bali, <+, 2dBuale) in @.

The proof is analogous to that of Lemma 6. In the inductive step,
case (1), we take Q; as the last of the @’s in which one of C;, ---, Cn
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appears, and instead of (iiib) in (7), we form
[Cy - Cile—[Cy -+ OBy -+ B.EL

by (iva). The proof goes through as above, with similar modifications
throughout. In case (II) of the inductive step we let Q; be the last @ of
the form [By - -+ Bol(j < r,m £ n), and @ the last @ of the form
[By --- Bph{m = n). Taking ¢ = max(j,k) linstead of min(j,k)], the
proof is analogous throughout, with (iva) taking the place of (iiib).

In general, because of the symmetries in case (iii), (iv) of the con-
struction [reflecting the parallel possibilities (3¢), (3d) for recursion],
most of the results obtained come in symmetrical pairs, as above, where
the proof of the second is analogous to the proof of the first. Only one
of the pair of proofs will actually be presented.

We will require below only the following special case of (I) of Lemmas
6, 7 (which, however, could not be proved without the general case).

Lemma 8. Suppose that D = ([Bly, «--,2[B]s) is a derivation in ¢
and that C ¢ B. Then

(a) if ' — AB, there is a derivation

([CBY, -+-,2[Cls) in@
(b) if C — BA, there is a derivation
([C]I y T 2[03]2) n G,.

DerinrTioN 10. Suppose that ¢ is formed from G by the construction
and D is an e-derivation of z in G. D will be said to be represented in G
if and only if @ = a or @ = A and there is a derivation ([4];, - -, 2[4])
n G

What we are now trying to prove is that every S-derivation of @ is
represented in G'.

DurinrmroN 11, Let Dy = (g1, *+« ,0m) and Dy = (1, -+, ) be
derivations in G. Then Dy*D;, is the derivation

(¢1¢1 ’ o y T ,sﬂm\bl ’ emib2 y T ,wmlﬁn)-

Lemma 9. Let D, be an A-derivation of z and D, a B-derivation of y
in G. If Dy and D, are represented in G' and C — AB, then

D; = (0501 st)

is represented in G', where (¢1, '+ , om) = Di*Dy . (D; is thus a C-der-
ivation of xy.)
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Proor. By hypothesis, there are derivations

(AL, -+ -, al4]) (18)
(IBli, -+, y[Bl) (19)
in G.

Case 1. Suppose 4 % C # B. Then by Lemma 8, there are derivations
([Ch, - ,2[CA)) (20)
([CBli, -+, 4(C) (21)

in G’. By (iib) of the construction,
(CA), — [CBL (22)

Combining (20), (22), and (21), we have the required derivation.

Case2. C = A. .. C # B by assumption of regularity of G. By Lemma
8, case (a), we have again the derivation (21). By (iva) of the con-
struction,

[A]: = [Cl: — [CB]; . (23)

Combining (18), (23), (21) we have the required derivation.
Case 3. C = B. .. C % A. By Lemma 8, case (b), we have (20).
By (iiib),
[CAl — [Cl, = [Bl. (24)

Combining (20), (24), (19), we have the required derivation.

Since ¢ — CC is ruled out by assumption of regularity, these are the
only possible cases.

Lemma 10. If Dy = (e1, -+, @) 18 8 xn-derivation, where x; #
I % w;, then there is a derivation Dy = Ds*Dy = (Y4, -+, ¥.) such
that ¥» = ¢, , D; is a x;-derivation and D, is an w;-derivation.

Proor. Since for z > 1, ¢; is formed from ¢;; by replacement of a
single symbol of ¢.1," we can clearly find x;, w; s.t. ¢; = xiw; where
either (a) x; = xi—1 and w;y — o or (b) xioy — x5 and w; = wiq
(xi—iwi—1 = @i1). Then D; is the subsequence of (x1, -, x-) formed
by dropping repetitions and Dy is the subsequence of (w;, -+, )
formed by dropping repetitions.

Lemma 11. If @ is formed from G by the construction, then every
a-derivation D in @ is represented in G,

17 Which, however, may not be uniquely determined. Compare footnote 8.
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Proor. Obvious, in case D contains 2 lines. Suppose true for all deriva-
tions of fewer than r lines (r > 2). Let D = (¢1, -+ , ¢»), Where o1 = a.
Sincer > 2,a = A, ¢y = BC. . (g2, -+ ,r) is a BC-derivation. By
Lemma 10, there is a Dy = D3*Dy = (Yo, ++ -, ¢,) s.t. D is a B-deriva-
tion, Dy a C-derivation, and ¢, = ¢, . By inductive hypothesis, both D;
and D; are represented in ¢’. By Lemma 9, D is represented in G".

It remains to show that if ([A)};, -- -, 2[A)s) is a derivation in G, then
there is a derivation (4, --- , ) in G.

Lemma 12, Suppose that G/ is formed by the construction from G,
regular and non-s.e., and that

(a’) D = (9017"' yPmyy " 7§0Q7"'7¢m2)"'7¢7‘) is a derivation
in ¢, where Q1 = [Ai], @m; = Qm, = [A1 -+ Ailn, Q¢ = [Ar--- A4,
Q- = [4i]

(b) there isnou, v s.b. u = v, Q, = Q, = [By --- Byl;, and s < k*

() for my < u < my,if Q, = [Ay -+ A}, then s =
Then it follows that

(A) if n = 2, there is an mo < my such that Q., = [4: - -+ Al

(B) if n = 1, there is an m3 > msy such that Q,, = [4; - -+ Azlx

(C)jz k"

Proor. (A) Suppose n = 2. Assume ¢,,, to be the earliest line to con-
tain [A; + -+ Agls . Clearly there is an M £ my s.t. Qn = [A; - -+ Aryile,
Qrt = [A1 -+ A (8 = 0). If there is no my < m s.t.

Qme = [d1 -+ Al
then there must be a u < M s.t. Q, = [4; - -+ Ay,
Qu+1 = [Ao e Ak—lBO Bm]1,

where ¢,1 is formed by (iva) of the construction, Ay = I, By = 4;,
m =z 1, and s < k (since (iva) gives the only possibility for increasing
the length of @ by more than 1). - B, — ABn. .. A:= 0AB, .

But Q. = [4:--- 4,]: cannot recur in any line following ¢., [this
would contradict assumption (b)]. Therefore, just as above, there must
be a v > my st Q@ = [Ao -+ AsyCo -+ Cwle, @y = [A1--- 41,
where ¢, is formed by (iiib) of the construction, 4o = I, Cy = 4,,
m = 1, p < s (since (iiib) gives the only possibility for decreasing the

18 We continue to employ Convention 2, above.

19 That is, Qm; = Qm, is the shortest Q of D that repeats.

20 That is, € is the shortest @ of this form between ¢m; and ¢m, .
2 That is, €, is not shorter than Qmn, = Qu, -
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length of @ by more than 1). .. Cpoy — Cwd, . But 4, = wCor_yess
(Lemma 3). .. A = o1Cpdpws = 0Cprasdsws = 010 mowspA By
Contra., since ¢ is assumed to be non-s.e.

- thereisan my < M =< my 8.t Qumy = [Ay -+ Ails

(B) Suppose n = 1. Proof is analogous.

(C) (I). Suppose n = 2. Suppose j < k. Suppose 7 (in Q,) is 2. Clearly
there must be a v > mg s.t. either Q, = [4; -- - 4], [which contradicts
assumption (b)] or @y = [Ao -+ A;4Co -+ Cule, @ = [d;s - -+ 4],
where ¢, is formed by (iiib) of the construction, 4 = I, Cy, = 4;,
m 2 1, p < j[as in the second paragraph of the proof of (4))]. Suppose
the latter. .» Cno — Cud,. o A; = ¢C.4,4. Furthermore, since
p < j, A,-=>g00mw1Ajw2 .

From assumption (¢) and assumption of regularity of @, it follows that
¢q+1 can only have been formed by (iva) of the construction. .. @, =
[Ao LR Aj_lDo s Dt]l ,Whel'er = I,Do = Aj,t g 1. .. Dt_1—>Ath .
s Aj = ngth(xM . e Aj == wggame]Angth4 s and Aj s se].f—embedded,
contrary to assumption.

Suppose that ¢ (in @,) is 1. By (A), there is an mq < my s.b. Qn, =
[Ay -+ Agli. . there is a u < my s.t. either @, = [4, - -+ A;]; [which
contradicts assumption (b)] or @, = [4; --- Ay,

Quir =[Ao -+ AiuBy -+ - Bl

where ¢, is formed by (iva), Ao = [, Bo = 4;, m = 1, s < 7. As-
suming the latter, we conclude that 4; = w4 w.B.y, as above.

From assumption (¢) and assumption of regularity of G, it follows
that ¢, can only have been formed by (iiib). Contradiction follows as
above.

(II) Suppose # = 1. Proof is analogous.

This completes the proof. From Lemma 12 it follows readily by the
same kind of reasoning as above that

Cororrary. Under the assumptions of Lemma 12,

(A) if n = 2, @my41 18 formed by (iva) of the construction

(B) if n = 1, om, is formed by (iiib) of the construction

(C) Q,is of theform [A; -+ AxBy -+ » B]e (s 2 0,By = I), for u such
that: (a) wheren = 2 and meis asin (A), Lemma 12, then my < u < my ;
(b) where n = 1 and m; is as in (B), Lemma 12, then m; < u < m3.

Furthermore, for my < u < mp, s > 0if £ = n.

DrriNtTioN 12. Let D = (g1, -+, ¢,) be a derivation in G formed
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by the construction from G. Then D’ corresponds to D if D’ is a deriva-
tion of 2 in G and for each ¢, j, k(¢ < 7) such that

() ¢;is the earliest line containing [A4; - -+ Al

(b) ¢; is the latest line containing [A; - -+ Azl

(c) thereisnop, gst. i < p <j,g < k,and Q, = [A1 -+ Ay,
there is a subsequence (z: 4w, -+ ,2z4) in D',

LemMma 13. Let D = (@1, + -+, @) be a derivation in G’ formed by the
construction from a regular, non-s.e. G. Suppose that ¢, = [4, -+ 4.},
Q, = [A; -+ A)y, and there is no p, ¢ such that 1 < p < r, ¢ < s,
Qp = [A1 -+ Agln. ,

Then there is a derivation D' = (¢!, - -, @) corresponding to D.

Proor. Proof is by induction on the number of recurrences of symbols
Q. in D (i.e., the number of cycles in the derivation).

Suppose that there are no recurrences of any Q; in D. It follows that
there can have been no applications of (iva) in the construction of D,
ie., no pairs Q; = [4; --- 4, Qi1 = [A1 -+ - Axh where §j < k. For
suppose there were such a pair. ... Az — A4 . Also, 7 > s, or @, is
repeated as @, . Clearly there isan m > ¢ + 1 8.t. Qu = [41 -+ - Asyale
(n Z 0). .. there is a t > m s.t. either Q; = [A; --- 4;]; (contrary to
assumption of no repetitions) or

Qe =[d1--- Ajpule, Quu=[d1--- Al (w02 1),
where ¢;4, is formed by (iiib). ..
Ajprg = Ajpuljor = il —
A jrund jArwg = A jrund jpu ol

contrary to the assumption that G is non-s.e. Similarly, there can be no
applications of (iiib) in the construction of D. But now the proof for
this case follows immediately by induction on the length of D.

Suppose now that the lemma is true for every derivation containing
<n occurrences of repeating Q’s. Suppose that D contains n such oc-
currences.

1L

1. Suppose that the shortest recurring @ in D is [4; -+ - 44ls .

2. Select my , mg s.t. My < Ma; Qmy = [A1 -+ A = Qn, ; there is
not,m < 1 < my, st. @ = [A;1 - Agly; there is no j > my sit.
Q; = [Ay -+ Ags.

22 Compare Convention 2.
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3. By Lemma 12 (A), we know that there is an my < my s.t. @, =
[A; -+ - Azl . Select mo as the earliest such (there is in fact only one).
By the Corollary to Lemma 12, (C), and the inductive hypothesis, there
is a derivation Dy = (2mgdr, +**, 2my)” corresponding t0 (gm, , * - -, @my).

4. By Corollary (A), we know that

Omy+1 = Zml[An coe ApaBo - B ,

where Ag = I, By = Ar, m 2 1, B,y — A4B,, . Obviously, there is a
v(my < v < my) s.t. either @, = [A¢ -+ Az_1Bs - -+ Byl or

Qv = [AO e Ak—lBO e Bm+t]2 ’ Qv-i-l = [ ' Ak—-lBO T Bm-—u]l 3

where u, £ > 1 and ¢,4 is formed by (iiib) [note Corollary (C)]. From
the latter assumption we can deduce self-embedding, as above. .. we
can select v as the largest integer <mps.t. @, = [do - -+ AriBo - -+ Bulo .

5. Let ¢ be the largest integer (m; 4+ 1 < t < v) s.t.
Q: = [Ao -+ AraBo -+ Buuls, u > 0.

Suppose that ¢ = 1. But ;1 must be formed by (iia) or (iiia) of the
construction. .. v = 1 and B,y — B,C, contrary to assumption of
regularity, since B,y — ArB.,, .

.1 = 2, and QH-I = [Ao e Ak_1B(] Bm_,_nh(’n = 0), where
@41 is formed by (iva) of the construction. ..

Bm+n—1 - Bm—uBm+n = wIBm——lw2Bm+n - wlAkBmwQBm+n .

Suppose n = 0. Then B,y — B,_.Bn , so that, by regularity, B,,_, =
Ap. o Q= [A, -+ 4i)s, contrary to assumption in step 2.

s> 000 Br= 03Buyaaws. o By = w0y A BnweB ey , contra.
(s.e.).

6. .. there is no ¢ such as that postulated in step 5. Consequently
(@my41s * - *5 @») Meets the assumption of the inductive hypothesis™ and
there is a derivation Dy = (2m;1Bm, -, 2m,)" corresponding to
<¢m1+1 s T @)

7. Since » was selected in step 4 to be maximal, it follows that ¢,
cannot be formed by (iva), by reasoning similar to that involved in

1. . . .
2 Recall that 2n; = Zmo#m; ' ; i.¢., there is a derivation (A, -+ , Zhr™).

2¢ From nonexistence of such a ¢ it follows at once that for 4 such that m; <
U<y, Qu=1_[40 - Ap1Bo -+ BuaCo--- Cili (M =0, Cy = I).
m

25 That is, there is a derivation (Bn , --+ , Zni*™).
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step 4. By regularity assumption, it cannot have been formed by (iib)
or (iiib) of the construction, sinece B,_; — A3 B, . ..

Qo = [Ao - ApaBo -+ Bl -

8. Suppose m = 1, sothat @,y = [A;-+- Age. o v+ 1 = mg, by
assumption of step 2, and A, — AxB; . Let Dy be the derivation formed
from D, (cf. step 6) by deleting initial z.,,.4 from each line. Let

(lpl s Ty ¢10> = DI*D2,

(ef. Definition 11; Dy as in step 3). Clearly Ds = (Zmgdr, 1, +* 5 ¥p)
is a derivation corresponding to (@mg, ***, @my)-

9. Suppose m = 2. By assumption that G is non-s.e., and that » is
maximal (in step 4) we can show that ¢,.» must be formed by (iib) of
the construction (all other cases lead to contradiction). .-

Q"+2 = [AO et Ak—lBO e Bm—20]1 ’ Bm—2 - Bm—loc

As above, we can find a »;, which is the largest integer <my s.t. @,, =

[Ao -+« ArBo - -+ Bpu2Cls and s.t. (gu4z, -+, ©0,) meets the inductive
hypothesis. .. thereis a derivation Dy = (2,42C, - - -, 2,,) corresponding
to (‘/"v+2 y " ¢v1)'

10. Suppose m = 2. ..
Bpse—BiC, vi+1=my, Qi1 =1[A41 -+ A}
(as above). Let Dy be the derivation formed from D, by deleting initial

Zo12 Trom each line. Let (Y1, -+ -, ¥,) beasinstep 8. Let (x1, -+, Xq) =
(ZmeB1, Y1, -+, ¥p)* Dy Clearly Ds = (2m,A%, X1, -, Xq) 18 2 deriva-
tion corresponding t0 (@mg, 5 Cms)-

11. Similarly, whatever m is, we can find a derivation
A= (Zmpdiy s 2my)

corresponding to (¢mg, ***, Cmy)-

12, Consider now the derivation Dg formed by deleting from the
original D the lines gm,11, -+, ¢m, and the medial segment 2. ™ from
each later line. Thatis, Ds = (Y1, -+, ¥:) (ft = r — (mg — my)), where
fori < mu, ¥s = @i, and for ¢ > my, ¥i = ZmZmiim+iQ@msmi4i - BY
inductive hypothesis, there is a derivation Dy corresponding to Dy .

In steps 2 and 3, mo, m; , ms were chosen so that ¢,,, contains the
earliest occurrence of Quw, = [4; -+ - Azl , and ¢n, the latest occurrence
of Quy, = Qn, = [A; -+ Az, and so that no occurrences of @, occur
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between @n, and @m,. .. I Ds, ¥, contains the earliest occurrence of
Qm, and Y., the latest occurrence of Q., . Furthermore, by Corollary
(C), there is no @ shorter than @, between ¢, and ¢n, . .. by indue-
tive hypothesis and the definition of correspondence, it follows that D

contains a subsequence D; = (2m,4i¥, -+, Zn,¥). Butstep 11 guarantees
us a derivation A = (2mde, *, Zm,) corresponding to (my, =+, @my)-
We now construct Ds by replacing Dy in D; by A = (2m, i, -+, 2me¥),

formed by suffixing ¥ to each line of A, and inserting zn™ after 2, in

all lines of Dy following the subsequence Dy .

Clearly Dg corresponds to D, which is the required result in case the
shortest recurring € is of the form [---],.

IL

An analogous proof can be given for the case in which the shortest
recurring @ is of the form [-- ;.

We have shown that the lemma holds for derivations with no recur-
sions, and that it holds of a derivation with n occurrences of recurring
’s on the assumption that it holds for all derivations with <= such
occurrences. .. it is true of all derivations.

A corollary follows immediately.

Cororrary. If ¢ is formed from G by the construction and D’ =
([4],, « - -, a[A]z) is a derivation in @, then there is a derivation D =
(4, ---,z) in G.

From this result and Lemma 11, we draw the following conclusion.

TuroreM 10, If G’ is formed from G by the construction, then there
is a derivation (S, ---,2) in G if and only if there is a derivation ([S);,
-+, 2[8)) in @,

That is, if [S]; in G’ plays the role of S in G, then @ and G’ are equiva-
lent if we emend the construction by adding the rule @, — a wherever
there are Q2 , - -+,Q, (n = 2) such that @1 — a@Qz2and @; — Q3 — - -+ —
Q. , where @, = [S]y, @; is of the form [---lsfor 1 < ¢ = n, and @
is of the form [---];.

But in the grammar thus formed all rules are of the form 4 — aB
(where @ is I unless the rule was formed by step (i) of the construction)
or A — a. It is thus a type 3 grammar, and the language L, generated
by G could have been generated by a finite state Markov source (cf.
Theorem 6) with many vacuous transitions. But for every such source,
there is an equivalent source with no identity transitions (¢f. Chomsky
and Miller, 1958). Therefore Ly could have been generated by a finite
Markov source of the usual type. Obviously, every type 3 grammar is
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non-s.e. (the lines of its A-derivations are all of the form xB). Conse-
quently:

TaroreM 11. If L is a type 2 language, then it is not a type 3 (finite
state) language if and only if all of its grammars are self-embedding.

Among the many open questions in this area, it seems particularly
important to try to arrive at some characterization of the languages of
these’® various types’ and of the languages that belong to one type
but not the next lower type in the classification. In particular, it would
be interesting to determine a necessary and sufficient structural prop-
erty that marks languages as being of type 2 but not type 3. Even given
Theorem 11, it does not appear easy to arrive at such a structural char-
acterization theorem for those type 2 languages that are beyond the
bounds of type 3 description.

Receivep: October 28, 1958.
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