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Abstract. In information retrieval, it is common to
model index terms and documents as vectors in a
suitably defined vector space. The main difficulty with
this approach is that the explicit representation of
term vectors is not known a priori. For this reason, the
vector space model adopted by Salton for the SMART
system treats the terms as a set of orthogonal vectors.
In such a model it is often necessary to adopt a
separate, corrective procedure to take into account the
correlations between terms. In this paper, we propose a

systematic method (the generalized vector space’

model) to compute term correlations directly from
automatic indexing scheme. We also demonstrate how
such correlations can be included with minimal
modification in the existing vector based information
retrieval systems. The preliminary experimental
- results obtained from the new model are very
encouraging.

1. Introduction

In the vector space model proposed by Salton
[1,2,3] the keywords or index terms are viewed as
basic vectors in a linear wvector space, and each
document is represented as a vector in such a space. It
can be argued that the frequency of occurrence of a
term in a document represents the component of the
document along the corresponding basic term vector.
However, if only the occurrence frequency for each
term is available, it is not ible to characterize the
vector space completely [11] Either we need to know
the explicit representation of the term vectors or we
need some assumptions to account for the correlations
between terms. For instance, in the SMART system
the term vectors are assumed to be orthogonal. Since
terms are, in fact, correlated, it is often necessary in
such an approach to introduce a separate, corrective
measure for incorporating term correlations in some ad
hoc fashion.
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One well known method for computing term
correlations is based on term co-occurrence frequencies.
However, the use of a co-occurrence matrix can be
justified only if the documents and term wvectors are
assumed to be orthogonal. Several authors have
proposed different methods of recognizing term
correlations in the retrieval process. Raghavan and Yu
[4] used a statistical analysis of queries vs. relevant
and nonrelevant documents in order to determine
positive and negative correlations among terms. A
probablistic approach to the problem of term
dependency was presented by Van Rijbergen and
Harper [5,6]. Their basic assumption is that index
terms are distributed in a dependent manner in the
document space. However, the resulting formula for
computing the dependency factors does not seem
computationally feasible even for a relatively small
number of terms [7]. Katter [8] and Switzer [9] started
from a term co-occurrence matrix and derived a basic
set of term vectors through techniques of factor
analysis or multi-dimensional scaling. This approach
has the advantage that the terms are not treated as
though they are linearly independent. Recently, Koil
{10, on the other hand, developed a scheme by which
correlations between terms can be incorporated
without having to handle the term co-occurrence
matrix. The difficulty with this latter approach is that
it does not have an adequate formal justification.

We believe up to the present time that there is
no satisfactory way of computing term correlations
based on automatic indexing scheme. The current
work has objectives similar to the studies mentioned
above. We propose a new method to represent term
vectors explicitly in terms of a suitably chosen set of
orthonormal basic vectors. This means that term
correlations can then be computed directly from such
a representation. In contrast to many recent studies, it
is not necessary in our approach to assume that either
the document or the term vectors have to be
orthogonal. We also demonstrate how such term
correlations can be included in a natural manner in
the existing vector based information retrieval systems
(eg. in the SMART system) with minimal
modifications.

Before the basic model (hereafter referred to as
the generalized vector space model or GVSM) is
introduced in Section 4, we will first use two simple
examples to illustrate how term correlations can be
computed from an intuitive point of view. In Section



6 we select two standard collections of documents to
evaluate the retrieval performance of the GVSM in
Eompa)rison with the conventional vector space model
VSM).

2. Basic Definitions And Concepts In The
Conventional Vector Space Model (VSM)

The basic premise in the vector space model is
that the documents and the query are represented by
a set of vectors, say, {do}, «=1,2,...,p,and 7,
respectively, in a wvector, space spanned by the
normalized term vectors, {t,}, i =1, 2,...,n That
1s,
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Given the above representation for d and §, for
example, the scalar product d o 7', Which may serve as
a measure of the similarity between each document in
{d 4}, and the query 7', is defined by

laaiqj?i";; ’ (d=1‘, 2, ceey p)-(3a)

We can, then, rank the documents with respect to the
query § according to the values of the above
similarity function. Thus, for our purpose it is
necessary to know both the correlations between the
vectors, {#},, and the components of documents and
queries along these basic vectors.

It is convenient in subsequent discussions to
express equation (1a) in matrix notation as follows :

D=FAT, (1v)

where

5=Gl,;2.°"’ip)’ ?=Gl,t_’2,"°'?1:)' and
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Similarly, equation (3a) can be rewritten as
§=7G AT, (3b)
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In the conventional vector space model, the
matrix A is assumed to be the term occurrence
frequency matrix empirically obtained from
automatic indexing. Since correlations between terms
are not known a priori as a first order of
approximation, the correlation matrix G defined by

‘squation (5) is assumed to be an identity matrix. With

such approximations (ie. G = I), the ranking vector S
for a given query ¢ can, therefore, be computed easily
from the following equation :

S§=7AT. ©

The strength of such an approach clearly lies in
its simplicity. However, one of its main drawbacks is
that it ignores term correlations. Very often, one has
to modify the above similarity function (6) by
introducing some ad hoc schemes for including the
important effect of term correlations. In Section 4, we
suggest a method to compute term correlations by
representing the term vectors explicitly in a vector
space spanned by the atoms of a free boolean algebra
generated by the index terms. Consequently, term
correlations can be incorporated directly through
equation (3b) in order to obtain higher retrieval
performance without the need to modify the
similarity function or to introduce a new one.

3. Term Correlations

Before developing our model formally in the
next section, it is fitting, perhaps, to demonstrate first
how term correlations can be computed from an
intuitive point of view. Let us consider two simple
examples.

Example 1. Let D be a set of documents indexed
only by two terms, ¢z, and ¢, .
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Figure 1. Partition of D into disjoint subsets a, b, and ¢

In Figure 1, the subsets a, b and ¢ of D are defined by :

a=D,; =D, ND,,

¥

where D, , (i = 1, 2), is the maximal subset of D
containing ¢, , and D, denotes the set complement of

D, (i.e. D, is the subset of documents not containing
).

Based on intuition we argue that the correlation
between any two index terms depends on the number
of documents in which these two terms appear
together. Let (D) denote the cardinality of an
arbitrary set D. In Figure 1 the cardinality o(D; ;)
of the subset & = D, ., = D; N D,, (which denotes
the number of documents containing ¢, and ¢,) thus
provides a plausible measure of the "unnormalized”
correlation between ¢, and ¢, .

In terms of vector notation , the normalized
correlation between t; , and ¢, , denoted by ¢y 23,
can be conveniently expressed_as the scalar product of
two normalized term vectors, ¢; and ¢, namely,

—_ -

tyrty=
[ Z(D; 1 2)
XD, 7) + c XDy I XDz ) + XD I

where
. )i +cDy,)

XD, ;) + XD N

- C(Dtltz) Tﬁz"‘C(D{lh) 77—7:3
t, = > ’
%D, ) + c3Ds g T

and /@, , M, , and 7/l are some suitably chosen
orthonormal basic vectors .

Example 2. The main purpose of this example is to
show that the concepts introduced in Example 1 can
be easily generalized in a more complicated situation.
Consider the partition of a set of documents D indexed
by terms ¢y, ¢, and £ 3 as shown in Figure 2

QQ |

D,

Figure 2. Partition of D into disjoint subsets a, b, ¢, d,
e, fand g.

Thedisjointsubsetsa.b.c,e,f.andgofDmnbe
specified as follows :

)

a = D‘l’:‘! = D‘l nth ﬂD,,,

b = Dt"‘tzt; = 5‘1 nD‘z nD‘s’

¢ =D, ;, = Dy ND, ND,y,

Fats
d = D‘z‘:‘.s = D‘l nth ﬂD,s,

e = D‘l‘_ﬁt-ﬁ - D‘l nD‘2 nDts'

f = Dy

¥afs

= 1—5‘1 nD‘z nlj‘a'

g = Drgy, = D, ND,, ND,,.

where D, , (i= 1,2, 3), is the maximal subset of D
containing ; -

As in Example 1, term correlations #;-7; for 1 <
i <j <3 can be intuitively expressed as the scalar
products of the following normalized term vectors
ty,t3,and 23:

- Cz(D‘l‘z‘s) + CZ(D“‘J’)
tl' t, = NINZ ’
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- c ‘!‘2‘3) + cz(D‘l‘—z‘s)

tprty=

b NN '
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where
?1 = [C(Dtltzts)”_{l + C(Dtlt—,:;)’ﬁi’] | Ny

+ D, s lits+ cD, sz )isl | Ny,

?2 = [C(Dfltztg)ﬁ-fl + C(D,-‘,f:)ﬁ'z] I Nz

+ [C(Dtltzt"s)ﬂ?4 + C(Dt‘l‘;,)ﬂ_{d / Nz B
Z’«) = [C(D“gzg’)”?l + C(Drxtz‘a)ﬁtz] / N3
+ [C(D,‘,-’:,)ﬁ'l';; + C(Dt',t',t,)’ﬁﬂ | N3,
N{ =cXDyyp)+ D, 7, ) +
XD, , )+ XD, 7)),

sz = Cz(Dt1t3t3) + Cz(D“ltzt’) +

XDy i) + X Dpp i) s

st = Cz(Dtlt,:,) + Cz(DF,t,t,) +
c ,1‘-2‘3) + Cz(Dt‘,?,e,) ,
and @y ,m,, My, My, s, Mg, and My are

orthonormal basic vectors .

We will show that the above results can be
formally derived as a special case from the generalized
vector space model developed in the following section

4. The Generalized Vector Space Model (GVSM)

As we mentioned in Section 2 there is no explicit
knowledge about the term vectors nor the vector space
itself in the conventional vector space model (VSM).
We will show, in contrast to the VSM, that the
representation of term vectors can be explicitly
defined in a 2" - dimensional cartesian space. This
requires the introduction of the notion of a boolean
algebra. (It is assumed, in the following discussion,
that the reader is already familiar with the
representation of a boolean algebra and its related
concepts) .
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4.1. Vector Representation of a Free Boolean
Algebra (without External Constraints)

We will first discuss the free boolean algebra B ,»
generated by n literals (index terms). A fundamental
products in n literals, ¢,,%5,...%, is a conjunction
in which each literal ¢; appears exactly once, either
complemented or uncomplemented, for j=1,2,...,
n. For example, #,¢,¢3 and ¢,f,¢3; are fundamental
products in three literals, ¢z, ,?,,and ¢3. In fact, the
2" fundamental products in n literals are join-
irreducible, and, therefore, they are minterms (atoms)
of the free boolean algebra B, containing 27
elements. It follows that any boolean expression
E(ty,t3,...,1,), ie. any element in B,,, can be
transformed into a unique disjunctive canonical
expression (sum of minterms). Let {my },. denote the
set of minterms in B,. . Each minterm m; can be
labelled by k = (8,,8;,...,8,), where §; =Oor 1
for 1 i <n. That is,

me =t At A ... At Q)
t, if §, =1,

where t16‘=
t-i if 8[=0.

\

In particular, since each literal ¢, is itself an element
in B,,, every ¢;, for 1 <i < n, can be expressed
uniquely in terms of the disjunction of minterms,
namely,

y=mVmV..VmV..Vm, (8

for all those m,,’s such thatm, V ¢, =¢ .

We can , therefore , represent the elements of the
free boolean algebra B ,. , as a unitary 2" - cube in a
2" - dimensional cartesian space , R¥" . In terms of
vector notation, the set of minterms, {m},., in B,
can be represented explicitly as the set of orthonormal
basic vectors, {m },. , in R?" as follows :

ﬁil
= (100,....0),
M2 = ©010,...,0,
M3y = (00,1,...,0), .
M n 0.00,...,1).

Hence, in the absence of any external constraints, each
literal #; , defined by equation (8), has the following
unique vector representation :

— r —_
4y = Zmi, .
j=1



For example, the elements of B3 can be
represented as a 3 - dimensional cube as shown in
Figure 3, where m; =(1,00) , M, =(0,10) , and
i3 =(0,0,1) are the orthonormal basic vectors of R3.

(0,0,1) <—=> (my}

(1,0,1) <==> {(m, ymy

(0,1,1,) <==> {my  my3

(1,1,1) <==> {h, ,mg ,my}

0,H,0) <==> @ Xg

>

Gy1,00 <—=> (m,>

(1,0,0) <==> (m, 2}

%y

(171,00 <==> (m,,my>

Figure 3.  The 3 - Dimensional Cube of B .

4.2. Vector Representation of Index Terms in
the GVSM

The mapping introduced in the previous section
is applicable only to a strictly boolean retrieval

system in which each document is represented by a
vector as follows :

do= a1 BgzerrrTan ) (10)
where

y if document d, is
indexed by term t,
%t = |0 if document d o is not
indexed by term t; .

In a more realistic information retrieval model,
relative term weights (0 <a, < 1) are assigned to
each document d, . Our main objective here is to
define a more general mapping which enables us to
transform each index term into a vector in R? for a
collection of documents, D = {d}, with term weights
other than O or 1. For this purpose, we introduce a
composite transformation gf : {¢t}, U {m},. — R¥",
where the individual mappings £ and g are defined as
follows :

@ f£:{t},Uim}. — 29} (2 denotes the
power set of D = {d})

(a) For any index term t, e {z}, , f(z;) is the
maximal subset D, of documents each of
which contains term ¢, .

(b) For any  atom me =t A
A ... A t," as defined by equation (7),

f(IRg)=
)N 82 n...n 2D, A

where

ft,)=D, s, =1,
£, %)= (12)
f¢)=D, ifd =0,

and D, denotes the set complement of D, .
() g: f{t}, U {m}u) —» R¥

(a) For any atom m; in the boolean algebra B ,.

g(£(my ) = 17y , a3

where r; is the k-th orthonormal basic
vector of R¥" , which is defined by equation
@.

(b) From equations (8) and (13), for any index
term ¢, e€{¢t}, , the term vector t; is
defined by the following transformation :

t_;=g(f(fz)) =

F () glflm N = £ cp )i, , (14
k=1 k=1



where

)= T au. (s

mil(h,k)

and the above summation is restricted to the
set : :

I1G k) ={ald, eflm) S £t} .

It is important to note that in equation (15) the
a.’s are the matrix elements of the term occurrence
frequency matrix A defined by equation (4). We
have, therefore, shown that by the above composite
mapping fg each index term ¢ can be transformed
into a vector 7; = g(f(z,)) in R¥" based on the input
term occurrence frequency matrix [7].

It follows immediately from equations (14) and

(15) that the normalized term vectors can be expressed
as

— r
= Tab,, 1<i<n, (6
Nyg2y
where
R
Niz= chz(ti)’ (17)

k=1

The term correlation, ?{ . 't_} , between any pair of
index terms, ¢; and ¢; , can now be computed directly
from equation (16).

If we substitute the ;s given by equation (10)
into equation (15), we obtain

c () = cflm, ), (18)

where o(f(m,)) is the cardinality of the subset of
documents defined by the atom m, in equation (11).
By substituting the values for c,(#;) given by
equation (18) into equation (16), we immediately
arrive at the same expansions for the term vectors as
those given in Section 3. It is clear that the results we
obtained informally in Section 3 are special cases
which can be easily derived from the generalized
vector space model presented here.

Similar to the conventional vector space model,
we may assume that the document space can be
spanned by the normalized term vectors as in equation
(1a). It should be emphasized that the term vectors,
{t;}, . are now explicitly defined by equation(16). We
can easily rank the retrieval outputs in decreasing
order of the query-document similarities (which are
computed directly from equation(3a)) . The main
advantage of our method is that not only are term
correlations explicitly known, but also the effect of
these correlations can be naturally incorporated
through equation (3a) without the need to introduce
any ad hoc similarity function as in other vector based
information retrieval models.
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5. An Algorithm For Spanning The Term
Vectors

In this section we would like to suggest an

algorithm for computing term correlations based on
the generalized vector space model developed in
Section 4. This algorithm is not necessarily an optimal
method but it serves the purpose for demonstrating
how the concepts we have introduced can be applied.
The input to this algorithm is simply the term
occurrence frequency matrix A obtained from
automatic indexing and the output is term correlation
between any pair of index terms.
Step (i)  For a given term ¢, , identify the maximal
subset of documents, D,, containing ¢; by
the set of non-zero matrix elements in the
i-th column of A. Construct a submatrix
A(t;) by deleting all the rows of A with
zero elements in the i-th column.

Step (ii) Partition the rows of A(¢,) into r blocks
each of which corresponds to a distinct
subset of index terms. Each of these
subsets of terms, in fact, represents an
atom m, which has a non-zero coe@cient
¢z (#;) in the expansion for vector t; (see
equation (14)). From equation (15),
compute the sum ¢, (t;) = 3 a, for each

k-th block. The normalization factor N2
defined by equation (17) can be calculated
by summing cX¢,) for k = 1, 2, ...,
Repeat steps (i) and (i) to obtain the
expansions for other term vectors.

6. Experimental Evaluation of The GVSM

For the preliminary evaluation of the generalized
vector space model, we use two collections of
documents, ADINUL(82 documents and 35 queries)
and CRN4NUL(424 documents and 155 queries),
which are standard test data in the conventional VSM
. These collections include, for evaluation purposes,
information for each query as to which of the
documents are relevant. The standard recall and
precision measures are used for comparing the
retrieval performance of the GVSM and VSM in the
above two document collections. Recall is defined as
the proportion of relevant documents retrieved, while
precision is the proportion of retrieved documents that
are relevant [3] . The overall performance of a
retrieval strategy is determined by computing the
average precision over all queries for recall values G.1,
0.2, ... 1.0. The procedure for averaging is consistent
with that implemented in the SMART system.

The input to the GVSM is the term occurrence
frequency matrix obtained from automatic indexing.
In the first step of our computation, using equations
(14), (15), and (16) , each normalized term vector ¢, is
expressed as a linear combination of the orthonormal
basic vectors, {/& }2,. . Term correlations are explicitly
included through equation (3b) in ranking the
retrieval outputs. The solid curves shown in Figures 4
and 5 represent the average recall-precision values



computed from the generalized vector space model
For the purpose of comparison, we also reproduce the
query-document similarities based on equation (6) (the
well known cosine similarity function) in which term
correlations are ignored as in the conventional VSM.
These results are summarized in the average recall-
precision graphs as shown by the dotted lines in
Figures 4 and 5.
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Comparing the results for the GVSM to those of
the VSM, it is seen that from the above analysis the
former is significantly better in both collections of
documents. We are planning for more extensive
evaluation of the GVSM. Nevertheless, these
preliminary results indicate the potential of the
present approach both from the practical and
theoretical points of view.
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Figure 4 Comparsion of recall-precision between GVSM (solid curve) and VSM (dotted

curve) in ADINUL .
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7. Conclusion

The conventional vector space model has been
proven in practice to be a valuable tool in information
retrieval systems. Its main drawback lies in the lack
of systematic methods for computing term correlations
which we believe are crucial in the retrieval process.
Although there are many recent papers which have
similar objectives as ours, they lack, in our opinion,
the theoretical foundations.

We have shown that term wvectors can be
explicitly represented in a 2" - dimensional vector
space based on the notion of boolean algebra. Another
advantage of our method is that these term
correlations can be incorporated into the existing
vector-processing systems in a straightforward
manner. We believe that many important concepts in
the vector space model can be formally established
and better understood within the framework of our
approach.

At the present time, we are extending the
capability of the GVSM to process boolean-like
queries. We will report on the results of this
investigation in the near future.
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