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What is 
Clustering?

Akounsupervised learning, sometimes called sortingby 
psychologists and segmentationby people in marketing

ÅTask: given a set of objects  (instances) , with a 
notion of distance (similarity)between them, 
group the objectsinto some number of clusters, 
so that 
ÅMembers of a cluster are close/similar to 

each other
ÅMembers of different clusters are 

dissimilar
ÅUsually: 

Åobjects (vectors in a multi-dimensional 
space) are high-dimensional 
ÅSimilarity is defined using a distance 

measure: Euclidean, Cosine, Jaccard, edit 
ŘƛǎǘŀƴŎŜΣ Χ
ÅSimilarity measures are defined also for 

discrete (symbolic) features



Where is the 
«optimization» 
step?

Å[ŜǘΩǎ reformulatethe task:

ÅGiven a set of points, with a notion of 
distance (similarity)between points, find 
the optimal partition of points, such that: 
ÅSimilarity between members ● , ● of the 

same cluster Cm is maximized

ÅDissimilarity between members ● , ● of 
different clusters Cm , Cn is maximized
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Example: Clusters & Outliers
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J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive 
Datasets, http://www.mmds.org
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Clustering is a NP-hard problem (especially in 
multi-dimensional spaces)!

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive 
Datasets, http://www.mmds.org
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Several NP-hardness results for
finding optimal clusters exist 



Why is it 
hard?

ÅClustering in two dimensions looks easy

ÅClustering small amounts of data looks easy

ÅBut in most cases, looks are not deceiving

ÅMany applications involve not 2, but 100 or 
10,000 dimensions

ÅHigh-ŘƛƳŜƴǎƛƻƴŀƭ ǎǇŀŎŜǎ άƭƻƻƪέ ŘƛŦŦŜǊŜƴǘΥ 
Almost all pairs of points are at about the 
same distance when many dimensions are 
involved
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What is a natural grouping among these objects?

More important question: Whatare the «dimensions»?



School EmployeesSimpson's Family MalesFemales

Many dimensions

What is a natural grouping among these objects?



Defining (dis)similarity measures
Definition : Let x1 and x2 be two objects from the universe 

of possible objects. The distance(dissimilarity) between 

x1 and x2 is a real number denoted by d(x1 , x2)

0.23 3 342.7

Peter Piotr



What properties should a distance measure have?
ωd(A,B) = d(B,A) Symmetry 

ωd(A,A) = 0 Constancy of Self-Similarity

ωd(A,B) = 0 IIFA= B Positivity (Separation)

ωd(A,B) ¢d(A,C) + d(B,C) Triangular Inequality

Peter Piotr
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d('', '') = 0 d(s, '') = 

d('', s) = |s| -- i.e. 

length of s 

d(s1+ch1, s2+ch2) = 

min( d(s1, s2) + if 

ch1=ch2 then 0 else 

1 fi, d(s1+ch1, s2) + 

1, d(s1, s2+ch2) + 1 

) 

(Dis)similarity functions might 

very simple or very complex. 

In either case, what properties 

should these functions have?



Intuitions behind 
desirable 
distance 
measure 

properties

d(A,B) = d(B,A) Symmetry 

Otherwise you could claim ñAlex looks like Bob, but Bob looks 
nothing like Alex.ò

d(A,A) = 0 Constancy of Self-Similarity

Otherwise you could claim ñAlex looks more like Bob, than Bob 
does.ò

d(A,B) = 0 IIF A=B Positivity (Separation)

Otherwise there are objects in your world that are different, but you 
cannot tell apart.

d(A,B) ¢d(A,C) + d(B,C) Triangular Inequality

Otherwise you could claim ñAlex is very like Bob, and Alex is very 
like Carl, but Bob is very unlike Carl.ò

https://arjun010.github.io/static/papers/voder-infovis18.pdf

https://arjun010.github.io/static/papers/voder-infovis18.pdf


What type of 
measures?

ÅThere is no single definitionof similarity or 
dissimilarity between data objects 
(instances)

ÅThe definition of similarity or dissimilarity 
between objectsdepends on
Åthe type of the data considered

Åwhat kind of similarity we are looking for



What types 
of data?

ÅInterval-scaled variables

ÅBinary variables

ÅNominal, ordinal, and ratio variables

ÅVariables of mixed types

ÅComplex data types



Interval-
scaled 
variables (1)

ÅDef: Continuous measurements (values) of a 
roughly linear scale

ÅFor example, weight, height, price.. 

ÅThe measurement unit can affect the cluster 
analysis (meters or feets?)

ÅTo avoid dependence on the measurement 
unit, we shouldstandardize (normalize) the 
data



Interval-scaled variables (2)

To standardize n=|D| measurements of an I-S variables  X:

ωcalculate themean absolute deviation of X in the dataset D

where xi i=1..|D| are the observed values for feature X in D, 
and  ‘ȟ is the mean 

Åcalculate thestandardized measurement (z-score) for each  
observed value 

Note MAD isdifferent from
Standard Deviation! In SD you
compute the squareof 
differences, youaverage,andthen
youtake the squareroot

ὓὃὈὢȟὈ
ρ

ȿὈȿ
ὼ ‘ȟ ὼ ‘ȟ Ễ ὼȿȿ ‘ȟ

ᾀ = ȟ

ȟ



Ὠ●Ὥȟ●Ὦ ȿὼ ὼȿ ȿὼ ὼȿ ȢȢȢȿὼ ὼȿ
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Interval-scaled 
variables: 
distance 

measures (1)

ÅOne group of popular distance measures for 
interval-scaled variables areMinkowski
distances

Åxi and xj are two instances in D and xik, xjk are the 
observed valuesof p interval-scaled variables 
(features) of xi and xj (xik is observed value of k-
th feature of instance xi)

where  q is a positive integer. 

We assume standardized variables (otherwise 
they would not stand on the same level, and 
those with largest values would  dominate in 
computing the similarity). 



ÅIf q = 1, the distance measure is called  
Manhattan (or city block) distance

ÅIf q = 2, the distance measure is  called Euclidean 
distance

Interval-scaled variables: distance measures (2)

Ὠ●░ȟ●▓ ὼ ὼ

Ὠ●░ȟ●▓ ὼ ὼ



Binary 
variables

ÅTheyassume two values, that we can 
associate to 0 and 1



Data mining: Clustering

Binary variables: distance measures

ÅA binary variable X has only two values: 0 or 1

ÅUse a  contingency tableto pairwise compare 
feature values of  2 instances xi and xj each with p
binary features:

ρ π ίόά
ρ ὥρρ ὦρπ ὥρρ ὦρπ
π ὧπρ Ὠππ ὧπρ Ὠππ
ίόάὥρρ ὧπρ ὦρπ Ὠππ ὴ

xj

xi

a, b, c, d  are integers, e.g. a11= numberof times   xik and xjk with k=1..p  are both 1
(correspondingfeatures are both 1) 



Example

a11= 2
d00= 5
b10= 2
c01= 1



Binary variables: computing similarity (1)

ÅSimple matching coefficient(invariant similarity , if the 
binary variable is symmetric):

ÅJaccard coefficient(noninvariant similarity, if the binary 
variable is asymmetric):

How manytimes
correspondingbinary
featuresof xi and xj

are different

Note a binaryvariableissymmetricif the two valueshaveequalprobability, like, e.g.,  gender.  It is«invariant» in that
nothingchangesif we assign«1» to the valuefemaleor to the valuemale. 

SMC considersin denominator both
matching1 (a) and matching0 (d), 
while Jaccardonlyconsidersmatching1 (a).

Ὠ●░ȟ●▒
ὦ ὧ

ὥ Ὠ ὦ ὧ

Ὠ●░ȟ●▒
ὦ ὧ

ὥ ὦ ὧ

Basedon contingency table



When using 
SMC and 
when Jaccard

An example(extended from Wikipedia):

Åmarket basket analysis(asymmetry): considera 
supermarket with 1000 products and two customers. The 
basket of the first customercontainssaltand pepperand 
the basket of the second containssaltand sugar. 

ÅNote: «objects» are baskets, binaryvariablesare products 
(1 present, 0 absent). In this scenario, the similarity
betweenthe two basketsasmeasuredby the Jaccard
distancewouldbe = =2/3, but the distancebecomes
0.002 usingthe SMC (sincethere are 997 products which
are neither in one basket nor in the other, so SMC= ).

ÅHere the problemis that, for everyproduct, the 
probabilityof beingNOT in a basket is >> than that of 
beingin the basket. Therefore, SMC is NOT a good
measure. 



When using 
SMC and 
when Jaccard

ÅDemographicvariablessuchasgender, 
wouldbe better comparedwith the SMC 
than with the Jaccardindexsincethe impact 
of gender on similarityshouldbe equal, 
independentlyof whethermale is definedas
a 0 and femaleasa 1 or the other way 
around.

ÅExample: our objects are patientswith 
diseases. Wewould like to compute the 
similaritybetweenpatients, and gender is 
one attribute.

ÅExamplefollows..



ω9 attributes, of which

ÅDƛǾŜƴ ǘƘŜ ŘŀǘŀǎŜǘΣ ƭŜǘΩǎ ǎŀȅ ǘƘŀǘ Gender and Test-5 
are symmetricbinary attribute, and

Åthe remaining attributes are asymmetricbinary

Name Gender Fever Cough Test-1 Test-2 Test-3 Test-4 Test-5 

Jack M Y N P N N N Y 

Mary F Y N P N P N N 

Jim 

Jenny 

M 

F 

Y 

N 

P 

N 

N 

P 

N 

N 

N 

N 

N 

N 

N 

Y 
 

 

WhenusingSMC and whenJaccard



ÅLet the values Y(yes) and P(positive) be set to 1, and the values 
N(no, negative) be set to 0

ÅCompute distances between patients based on the asymmetric
variables by using Jaccardcoefficient

ὨὮὥὧὯȟάὥὶώ
ρ π

ς π ρ
πȢσσ

ὨὮὥὧὯȟὮὭά
ρ ρ

ρ ρ ρ
πȢφχ

ὨὮὭάȟάὥὶώ
ς ρ

ρ ρ ς
πȢχυ

WhenusingSMC and whenJaccard

Name Gender Fever Cough Test-1 Test-2 Test-3 Test-4 Test-5 

Jack M 1 0 1 0 0 0 Y 

Mary F 1 0 1 0 1 0 N 

Jim 

Jenny 

M 

F 

1 

0 

0 

1 

0 

1 

0 

0 

0 

0 

0 

0 

N 

Y 
 

 

Note that this variesif we invert
assignmentof 0s and 1s  

ὐὥὧὧὥὶὨ●░ȟ●▒
ὦ ὧ

ὥ ὦ ὧ



ÅFor the symmetric attributes, let the values Yand F (female)be set 
to 1. Compute distances between patients based on the symmetric 
variables by using SMC coefficient

WhenusingSMC and whenJaccard

ὨὮὥὧὯȟάὥὶώ =1

ὨὮὥὧὯȟὮὭά =0 ίάὧ●░ȟ●▒
ὦ ὧ

ὥ Ὠ ὦ ὧ

Name Gender Fever Cough Test-1 Test-2 Test-3 Test-4 Test-5 

Jack 0 Y N P N N N 0 

Mary 1 Y N P N P N 1 

Jim 

Jenny 

0 

1 

Y 

N 

P 

N 

N 

P 

N 

N 

N 

N 

N 

N 

0 

1 
 

 



Nominal 
(categorial) 
variables

ÅThey can take more than 2 values, e.g., red, yellow, 
blue, green (M total values). 

ÅMethod 1:simple matching
Åm: # of matches (same valueof correspondent 

categorical features ), p: total # of categorical 
features

ÅMethod 2 (binary encoding):use a large number of 
binary variables
Åcreate a new binary variable for each of the mj

nominal values  of feature Xj(rather than Xj=color, 
ǿŜ ƘŀǾŜ ŀ άƻƴŜ-Ƙƻǘέ ŦŜŀǘǳǊŜ ǾŜŎǘƻǊ ǿƛǘƘ mj binary 
ŦŜŀǘǳǊŜǎΥ ǊŜŘΣ ȅŜƭƭƻǿΣ ōƭǳŜΧ ǘƘŜ ŦŜŀǘǳǊŜ ǾŜŎǘƻǊ Ŏŀƴ 
have one value set to 1 and the others to 0 ςsince 
feature values are mutually exclusive)

ÅὨ●░ȟ●▒



Example of 
transformation 
into one-hot 
vector

ÅX: (color,shape) color:red, yellow, blue (R,Y,B) 
shape: large, medium, small (L,M,S)

ÅEverycategoricalfeature with n valuesis 
split into a «one hot vector» with n features. 
A one hot vectoris a binaryvectorwhere
one feature is 1 and all the others are 0
Åcolor Č(color-red,color-yellow,color-blue)

ÅShapeČ(shape-large,shape-medium,shape-
small)

Åx:(blue,medium) Č x:((0,0,1)(0,1,0))

ÅNowwe can compute similaritylike for 
binaryvaluedfeatures



Ordinal variables

ÅAn ordinal variable can bediscrete or continuous

ÅOrderof values is important, e.g., grades of students, timestamps.. 

ÅCan be treated likeinterval-scaled 
1. Order the observed feature values of a variable (e.g., 0.1, 40.5, 3.2 Č 0.1, 3.2,40.5)
2. Replace feature values  xik by their rank                               in |D|=n observations 

(e.g.: 0.1, 3.2 , 40.5 Č 1,2,3)
3. Map values of each variable Xi onto [0, 1] by replacingk-th value in the i-the 

variable by:

(e.g. 40.5 becomes (3-1)/(3-1)=1  3,2 becomes (2-1)/(3-1)=0.5 etc.)
In this way we preserve pairwise distances!
4. compute the dissimilarityusing distance methods for interval-scaled 
variables 

ὶὼ )ᶰρȣὲ

ᾀ
ὶ ρ

ὲ ρ



Ratio-scaled 
variables

ÅDef: A positive measurement on a 
nonlinear scale, approximately at 
exponential scale
Åfor example, AeBxor Ae-Bx with A,B constant 

values

ÅMethod:
Åapply logarithmic transformation yik = log(xik)

Åtreat them as continuous ordinal variables and 
treat them as for  interval-scaled



Variables of mixed types (1)

ÅA dataset may contain features belonging to all the six types of 
variables

ÅOne may use a weighted formulato combine their effects:

where ‏ =0 if  values xik or xjk are missing, or if they are both  =0,

otherwise ‏ =1, 

Ὠ ƛǎ ǘƘŜ άŀǇǇǊƻǇǊƛŀǘŜέ ŘƛǎǘŀƴŎŜ ƳŜŀǎǳǊŜ between correspondent 
values xik and xjk in xi and xj for variable Xk

Ὠ●░ȟ●▒
В ‏ Ὠ

В ‏



Variables of mixed types (2)

Contribution of variableXk to distance d(xi,xj):

Åif  Xk is binary or nominal: 

Ὠ =0 if xik=xjk otherwise Ὠ =1

Åif Xk is interval-based: use Ὠ = ή ȿὼ ὼȿ

Åif Xk is ordinal or ratio-scaled
Åcompute ranks rik and
Åtreat zik as interval-scaled

ᾀ
ὶ ρ

ὲ ρ



Complex data 
types (1)

ÅAll objects considered in data mining that 
are not relational  =>  complex types of data
Åexamples of such data are spatial data 

(coordinates), multimedia data, genetic data, 
time-series data, text data 

ÅOften totally different similarity or dissimilarity 
measures than those listed so far

ÅFor example, we may need to use 
Åstring and/or sequence matching, 

Åor methods of information retrieval (e.g., based on 
semantic similarity), 

Åor vector similarity based on deep compressed 
representations of the initial objects



Peter

Piter

Pioter

Piotr

Substitution (i for e) 

Insertion  (o) 

Deletion  (e) 

Example of complex data types: 
sequences

Method: EDIT DISTANCE

It is possible to transform any string Q into 

string C, using only 3 operations:

Substitution,Insertionand Deletion.

Assume that each of these operators has a 

cost associated with it.

The similarity between two strings can be 

defined as the cost of the cheapest 

transformation from Q to C.

The edit distance can be generalized to 

sequences other than text (e.g. aminoacid)

How similar are the names 

ñPeterò and ñPiotrò?
Assume the following cost function 

Substitution 1 Unit

Insertion 1 Unit

Deletion 1 Unit

d(Peter , Piotr ) is 3



Latentvector
(dis)similarity

Similarityamongcompressedimage 
representations



Other types of 
complex data

May require defining «ad-hoc» distance 
measures



Major 
Clustering 
methodologies
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Major Clustering Methodologies (1)

Partitioning Methodology 
Å Construct various partitions and then evaluate them by some criterion, e.g., 

minimizing the sum of square distances

Å Typical methods: K-means, K-ƳŜŘƻƛŘǎΣ ΧΧ



Major Clustering Methodologies (2)

Hierarchical Methodology 
Å Create a hierarchical decomposition of the set of data (or objects) using some 

criterion

Å Typical methods: AgglomerativeΣ .Lw/IΣ wh/YΣ ΧΧ

Hierarchical



By Chire - Own work, CC BY-SA 3.0, 

https://commons.wikimedia.org/w/index.php?curid=17085332

Major Clustering Methodologies (3)

Density-based Methodology 

ÅBased on connectivity and density 
functions (task is to identify 
άŘŜƴǎŜǎǘέ ǊŜƎƛƻƴǎύ

ÅTypical methods: DBSACN, 
OPTICS, DenClueΣ ΧΧ
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Major Clustering Methodologies (4)

Model-based (generative) Methodology
Å A generativemodel (see slides on probabilistic ML methods) is hypothesized for each of 

the clusters and the objective is to find parameters of the model that optimally fit the data

Å Typical methods:Gaussian Mixture Model όDaaύΣ /h.²9.Σ ΧΧ

In GMM data are supposedto be generatedby a mixtureof Gaussianfunctions. 
Task is to estimate model parametersasin MLE. Note that herewe do not haveexamplesof the variousclasses! 
i.e., we observethe «mixture» (green distribution) and we must infer the components(blue and red)



Major Clustering Methodologies (5)

Spectral clustering Methodology 
Å Convert data set into weighted graph (e.g., edges can be pairwise  similarities) , then 

cut the graph into sub-graphs corresponding to clusters via spectral analysis

Å Typical methods: Normalised-/ǳǘǎΣ ΧΧ

Note that yourdata
can alreadybe in the
form of a graph, e.g.
Social networks



Major Clustering Methodologies (6)

Clustering Ensembles
Å Combine multiple clustering results (different partitions) obtained with simple methods

Å Typical methods: Evidence-accumulation based, graph-ōŀǎŜŘ ΧΧ

combination



Desirable 
Properties of 
a Clustering 
Algorithm

ÅScalability (in terms of both time and space)

ÅAbility to deal with different data types 

ÅMinimal requirements for domain knowledge to 
determine input hyperparameters (e.g., number of 
clusters)

ÅAble to deal with noise and outliers

ÅInsensitive to order of input records

ÅIncorporation of user-specified constraints



Hierarchical 
Clustering 
algorithms

ÅAgglomerative (bottom-up): 
ÅStart with each instance being a single cluster.
ÅEventually all instances belong to the same 

cluster.

ÅDivisive (top-down): 

ÅStart with all instances belong to the same 
cluster. 

ÅEventually each instance forms a cluster on its 
own.

ÅDoes not require to specify the number of 
clusters k in advance

ÅNeeds a termination condition 



Hierarchical 
Agglomerative 
Clustering 
(HAC)

ÅAssumes a similarity function for 
determining the similarity of two instances 
(see previous slides).

ÅStarts with all instances in a separate cluster 
and then repeatedly joins the two clusters 
that are most similar until there is only one 
cluster.

Å¢ƘŜ άƘƛǎǘƻǊȅ ƻŦ ƳŜǊƎƛƴƎέ ŦƻǊƳǎ ŀ ōƛƴŀǊȅ ǘǊŜŜ 
or hierarchy.



0 8 8 7 7

0 2 4 4

0 3 3

0 1

0

d(  ,  ) = 8

d(  ,  ) = 1

We begin with a distance 

matrix which contains the 

distances between every pair 

of objects in our database.

Hierarchical Agglomerative Clustering (HAC)  (2)



Bottom -Up (agglomerative ):

Starting with each item in its own 
cluster, find the best pair to merge 
into a new cluster. 

é

Consider all 

possible 

mergesé

Choose 

the best

Hierarchical Agglomerative Clustering (HAC)  (2)



Bottom -Up (agglomerative ): Starting 
with each item in its own cluster, find 
the best pair to merge into a new 
cluster. Repeat until all clusters are 
fused together. 

é

Consider all 

possible 

mergesé

Choose 

the best

Consider all 

possible 

mergesé é

Choose 

the best

Hierarchical Agglomerative Clustering (HAC)  (3)
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Consider all 

possible 

mergesé

Choose 

the best

Consider all 

possible 

mergesé é

Choose 

the best

Consider all 

possible 

mergesé

Choose 

the besté

Hierarchical Agglomerative Clustering (HAC)  (4)



é

Consider all 

possible 

mergesé

Choose 

the best

Consider all 

possible 

mergesé é

Choose 

the best

Consider all 

possible 

mergesé

Choose 

the besté

Hierarchical Agglomerative Clustering 
(HAC)  (5)



ÅClustering is 
obtained by cutting 
the dendrogram at a 
desired level: each 
connected
component forms a 
cluster.

Dendogram: Hierarchical Clustering



Outlier

One potential advantage  of a dendrogram is to detect outliers

The single isolated branch is suggestive of a 

data point that is very different to all others


