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O n e o f t h e m o s t i m p o r t a n t c o m p o n e n t s o f a n y large-scale g e n e r a l - p u r p o s e 
p a r a l l e l c o m p u t e r is i t s p a c k e t - r o u t i n g a l g o r i t h m . T h i s is because m o s t 
large-scale g e n e r a l - p u r p o s e p a r a l l e l m a c h i n e s s p e n d a la rge p o r t i o n o f t h e i r 
resources m a k i n g sure t h a t t h e r i g h t d a t a gets t o t h e r i g h t p lace w i t h i n a 
reasonab le a m o u n t o f t i m e . 

W e a l r e a d y s t u d i e d p a c k e t - r o u t i n g a l g o r i t h m s for a r r a y s i n C h a p t e r 1 
a n d meshes o f trees i n C h a p t e r 2. A l t h o u g h t h e a l g o r i t h m s d e s c r i b e d i n 
these c h a p t e r s are o p t i m a l for a r r a y s a n d meshes o f t rees , t h e y are n o t es
p e c i a l l y e f f i c ient i n a g e n e r a l s e t t i n g . F o r e x a m p l e , t h e r o u t i n g a l g o r i t h m s 
for a r r a y s use few processors b u t are r e l a t i v e l y s low. T h e r o u t i n g a lgo 
r i t h m s for meshes o f t rees , o n t h e o t h e r h a n d , are fast b u t use a n excessive 
n u m b e r o f processors . 

W e have also s t u d i e d t h e p a c k e t - r o u t i n g p r o b l e m for h y p e r c u b i c n e t 
w o r k s i n Sect ions 3.2 a n d 3.3. I n p a r t i c u l a r , we showed h o w t o solve a n y 
f i x e d A - p a c k e t p e r m u t a t i o n r o u t i n g p r o b l e m i n 0 ( l o g AT) steps o n a n N-
processor b u t t e r f l y o r shuf f le -exchange g r a p h i n T h e o r e m s 3.12 a n d 3.16. 
T h e s o l u t i o n t o a r o u t i n g p r o b l e m f o u n d b y t h i s a p p r o a c h is fast a n d ef
f i c i e n t , b u t suffers f r o m t h e l i m i t a t i o n t h a t t h e r e is no O f l o g A ) - s t e p a l 
g o r i t h m k n o w n for f i n d i n g t h e r o u t i n g p a t h s o n - l i n e . I n o t h e r w o r d s , we 
p r o v e d i n T h e o r e m s 3.12 a n d 3.16 t h a t t h e r e is a fast a n d e f f i c ient s o l u 
t i o n t o a n y p e r m u t a t i o n r o u t i n g p r o b l e m o n a h y p e r c u b i c n e t w o r k , b u t we 
d o n ' t k n o w h o w t o f i n d t h e s o l u t i o n q u i c k l y i n p a r a l l e l . F o r some a p p l i c a 
t i o n s , t h i s c o n s t r a i n t d o e s n ' t m a t t e r , s ince we c a n a f f o r d t o p r e c o m p u t e t h e 
s o l u t i o n ( o f f - l ine ) a n d t h e n s t o re t h e r o u t i n g i n f o r m a t i o n i n t h e n e t w o r k . 
F o r m a n y a p p l i c a t i o n s , however , t h e l i m i t a t i o n is c r u c i a l , s ince we m a y 
n o t k n o w t h e r o u t i n g p r o b l e m a h e a d o f t i m e . F o r such a p p l i c a t i o n s , we 
w i l l need t o deve l op on-line r o u t i n g a l g o r i t h m s ( i .e . , a l g o r i t h m s for w h i c h 
t h e l o c a l r o u t i n g dec is ions are m a d e w i t h o u t p r e c o m p u t a t i o n a n d w i t h o u t 
k n o w l e d g e o f t h e g l o b a l r o u t i n g p r o b l e m ) . 

I n t h i s s e c t i o n , we descr ibe severa l o n - l i n e a l g o r i t h m s for r o u t i n g o n h y 
p e r c u b i c n e t w o r k s . F o r t h e m o s t p a r t , t h e a l g o r i t h m s w i l l p e r f o r m q u i c k l y 
( t a k i n g 0 ( l o g N) s teps) a n d e f f i c i e n t l y ( u s i n g A" processors t o r o u t e A" p a c k 
e t s ) , a l t h o u g h a l l o f t h e a l g o r i t h m s d e s c r i b e d i n t h i s s e c t i o n c a n p e r f o r m 
v e r y b a d l y i n t h e w o r s t case. I n S e c t i o n 3.5, we w i l l descr ibe a l g o r i t h m s 
for s o r t i n g t h a t c a n be used t o c o n s t r u c t r o u t i n g a l g o r i t h m s t h a t are g u a r 
a n t e e d t o a l w a y s p e r f o r m w e l l , b u t t h e s o r t i n g - b a s e d a l g o r i t h m s are q u i t e 
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c o m p l i c a t e d a n d are o f t e n n o t as use fu l i n p r a c t i c e . 
W e b e g i n o u r d i s cuss i on o f p a c k e t - r o u t i n g a l g o r i t h m s w i t h some d e f i 

n i t i o n s a n d a d e s c r i p t i o n o f some o f t h e m o s t c o m m o n r o u t i n g m o d e l s i n 
S u b s e c t i o n 3 . 4 . 1 . W e t h e n de f ine t h e g reedy r o u t i n g a l g o r i t h m , a n d a n a l y z e 
i t s wors t - case p e r f o r m a n c e i n S u b s e c t i o n 3.4.2. U n f o r t u n a t e l y , we w i l l find 
t h a t t h e wors t - case p e r f o r m a n c e o f t h e g reedy a l g o r i t h m is v e r y p o o r a n d 
t h a t several i m p o r t a n t r o u t i n g p r o b l e m s e x h i b i t wors t - case p e r f o r m a n c e . 

O n t h e o t h e r h a n d , t h e r e are also large classes o f i m p o r t a n t p r o b l e m s 
for w h i c h t h e g reedy a l g o r i t h m p e r f o r m s v e r y w e l l . F o r e x a m p l e , we w i l l 
show i n S u b s e c t i o n 3.4.3 t h a t t h e g r e e d y a l g o r i t h m p e r f o r m s o p t i m a l l y for 
p a c k i n g , s p r e a d i n g , a n d m o n o t o n e r o u t i n g p r o b l e m s . These spec ia l classes 
o f r o u t i n g p r o b l e m s arise i n m a n y a p p l i c a t i o n s , a n d we w i l l use t h e m f r e 
q u e n t l y t h r o u g h o u t t h e r e m a i n d e r o f C h a p t e r 3. For e x a m p l e , we show 
i n S u b s e c t i o n 3.4.3 h o w t o decompose a n a r b i t r a r y r o u t i n g p r o b l e m i n t o 
a s o r t i n g p r o b l e m a n d a m o n o t o n e r o u t i n g p r o b l e m . Since a n y m o n o t o n e 
r o u t i n g p r o b l e m c a n be so lved i n O ( l o g A ) steps u s i n g t h e g reedy a lgo 
r i t h m , t h i s gives us a n a u t o m a t i c w a y t o c o n v e r t a n y s o r t i n g a l g o r i t h m 
i n t o a p a c k e t - r o u t i n g a l g o r i t h m . E v e n t h o u g h s o r t i n g N i t e m s q u i c k l y 
o n a h y p e r c u b i c n e t w o r k is a c h a l l e n g i n g t a s k , t h i s m e a n s t h a t a l l o f t h e 
s o r t i n g a l g o r i t h m s t h a t are d e s c r i b e d i n S e c t i o n 3.5 c a n be c o n v e r t e d i n t o 
p a c k e t - r o u t i n g a l g o r i t h m s w i t h v e r y l i t t l e a d d i t i o n a l e f f o r t . 

G r e e d y a l g o r i t h m s also p e r f o r m w e l l f or average-case r o u t i n g p r o b l e m s . 
I n f a c t , we w i l l show i n S u b s e c t i o n 3.4.4 t h a t a l m o s t a l l A - p a c k e t - r o u t i n g 
p r o b l e m s c a n be so lved i n 0 ( l o g N) s teps b y u s i n g t h e g reedy a l g o r i t h m o n 
a n A ' -processor h y p e r c u b i c n e t w o r k . H e n c e , we w i l l find t h a t t h e g reedy a l 
g o r i t h m is o p t i m a l ( u p t o c o n s t a n t f a c t o r s ) for r a n d o m r o u t i n g p r o b l e m s i n 
a h y p e r c u b i c n e t w o r k . T h i s f a c t is q u i t e i m p o r t a n t , s ince so m a n y p a r a l l e l 
m a c h i n e s use v a r i a t i o n s o f t h e greedy a l g o r i t h m t o solve r o u t i n g p r o b l e m s . 
I n a d d i t i o n , we c a n use t h i s f a c t t o d e s i g n a r a n d o m i z e d a l g o r i t h m for so lv 
i n g wors t - case p r o b l e m s . I n p a r t i c u l a r , we w i l l show i n S u b s e c t i o n 3.4.5 
h o w t o use r a n d o m n e s s t o c o n v e r t a n y wors t - case one - to - one r o u t i n g p r o b 
l e m i n t o t w o average-case p r o b l e m s , t h e r e b y s o l v i n g any one - t o - one r o u t i n g 
p r o b l e m i n 0 ( l o g N) steps w i t h h i g h p r o b a b i l i t y . 

O n e p r o b l e m w i t h t h e n a i v e g reedy a l g o r i t h m is t h a t i t a l l o w s packets 
t o p i l e u p a t c e r t a i n nodes i n t h e n e t w o r k , r e s u l t i n g i n queues w h i c h ( for 
m o s t r o u t i n g p r o b l e m s ) can g r o w as la rge as 0 ( l o g N) i n size. I n Subsec
t i o n 3.4.6, we show h o w t o m o d i f y t h e n a i v e greedy a l g o r i t h m so t h a t a l l 
t h e queues s t a y s m a l l , a n d so t h a t t h e o v e r a l l p e r f o r m a n c e r e m a i n s g o o d . 
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W e also show h o w t o genera l i ze t h e r e s u l t t o a p p l y t o a m u c h l a r g e r class 
o f n e t w o r k s ( i n c l u d i n g a r r a y s ) . 

A n o t h e r p r o b l e m w i t h t h e n a i v e g reedy a l g o r i t h m is t h a t i t d o e s n ' t 
a l w a y s w o r k w e l l f or some m a n y - t o - o n e r o u t i n g p r o b l e m s , even i f r a n d o m 
i z a t i o n is used . I n S u b s e c t i o n 3.4.7, we show h o w t o m o d i f y t h e n a i v e 
greedy a l g o r i t h m t o h a n d l e m a n y - t o - o n e r o u t i n g p r o b l e m s . W e also de 
s c r ibe a n e f fect ive s t r a t e g y for c o m b i n i n g packets t h a t are h e a d e d for t h e 
same d e s t i n a t i o n , i f t h a t is d e s i r e d . 

I n S u b s e c t i o n 3.4.8, we descr ibe a v a r i a t i o n o f t h e g reedy r o u t i n g a l 
g o r i t h m k n o w n as t h e i n f o r m a t i o n d i s p e r s a l a l g o r i t h m . T h e i n f o r m a t i o n 
d i s p e r s a l a p p r o a c h t o r o u t i n g m a k e s use o f c o d i n g t h e o r y t o p a r t i t i o n a 
p a c k e t i n t o m a n y s u b p a c k e t s , o n l y some f r a c t i o n o f w h i c h need t o be suc
cess ful ly r o u t e d i n o r d e r for t h e c o n t e n t s o f t h e p a c k e t t o be r e c o n s t r u c t e d 
a t t h e d e s t i n a t i o n . A s a consequence , some p a c k e t c o m p o n e n t s t h a t get 
s t u c k i n a conges ted area or t h a t e n c o u n t e r a f a u l t y c o m p o n e n t c a n be 
d i s c a r d e d w i t h o u t h a r m . A s we w i l l see i n S e c t i o n 3.6, i n f o r m a t i o n d i s p e r 
sal is also a use fu l t o o l w h e n i t comes t o o r g a n i z i n g d a t a i n a d i s t r i b u t e d 
m e m o r y . 

W e c o n c l u d e o u r s t u d y o f p a c k e t r o u t i n g w i t h a d i s cuss i on o f c i r c u i t -
s w i t c h i n g a n d b i t - s e r i a l r o u t i n g a l g o r i t h m s i n S u b s e c t i o n 3.4.9. T h e a lgo 
r i t h m s d e s c r i b e d i n t h i s s u b s e c t i o n d i f f e r f r o m those d iscussed i n Subsec
t i o n s 3 .4 .4 -3 .4 .8 i n t h a t each p a c k e t needs t o have a d e d i c a t e d , u n c o n g e s t e d 
p a t h t h r o u g h t h e n e t w o r k f r o m i t s source t o i t s d e s t i n a t i o n i n o r d e r for t h e 
message t o be t r a n s m i t t e d . E v e n i n t h i s m o r e r e s t r i c t e d r o u t i n g m o d e l , 
however , we f i n d t h a t t h e g reedy a l g o r i t h m p e r f o r m s f a i r l y w e l l f or m o s t 
( i .e . , r a n d o m ) r o u t i n g p r o b l e m s . 

3 . 4 . 1 D e f i n i t i o n s a n d R o u t i n g M o d e l s 

A s was m e n t i o n e d i n S e c t i o n 1.7, t h e r e are m a n y d i f f e r e n t t y p e s o f r o u t 
i n g m o d e l s . F o r t h e m o s t p a r t , we w i l l focus o u r a t t e n t i o n o n t h e store-
and-forward m o d e l (also k n o w n as t h e packet-switching m o d e l ) o f p a c k e t 
r o u t i n g i n S e c t i o n 3.4. I n t h e s t o r e - a n d - f o r w a r d m o d e l , each p a c k e t is m a i n 
t a i n e d as a n e n t i t y t h a t is passed f r o m n o d e t o n o d e as i t moves t h r o u g h 
t h e n e t w o r k a n d a s ing le p a c k e t c a n cross each edge d u r i n g each s t e p o f t h e 
r o u t i n g . D e p e n d i n g o n t h e a l g o r i t h m , we m a y or m a y n o t a l l o w packets t o 
p i l e u p i n queues l o c a t e d at each n o d e . W h e n queues are a l l o w e d , we w i l l 
g e n e r a l l y m a k e e f for ts t o keep t h e m f r o m g e t t i n g v e r y l a r g e . 

I n S u b s e c t i o n 3.4.9, we cons ider t h e circuit-switching ( o r path-lockdown) 
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m o d e l o f r o u t i n g . I n t h e c i r c u i t - s w i t c h i n g m o d e l o f r o u t i n g , t h e e n t i r e p a t h 
f r o m t h e source o f a p a c k e t t o i t s d e s t i n a t i o n m u s t be d e d i c a t e d t o t h e 
p a c k e t i n o r d e r for t h e p a c k e t ' s d a t a t o be t r a n s m i t t e d . 

F o r t h e m o s t p a r t , w e w i l l focus o u r a t t e n t i o n o n static r o u t i n g p r o b 
l ems ( i .e . , those for w h i c h t h e packe ts t o be r o u t e d are present i n t h e 
n e t w o r k w h e n t h e r o u t i n g c o m m e n c e s ) i n S e c t i o n 3.4. M a n y o f t h e r e s u l t s 
t h a t w e o b t a i n c a n also be a p p l i e d t o dynamic r o u t i n g p r o b l e m s ( i n w h i c h 
packe ts a r r i v e . a t t h e n e t w o r k a t a r b i t r a r y t i m e s a n d t h e r o u t i n g proceeds 
i n a c o n t i n u o u s f a s h i o n ) , a l t h o u g h w e w i l l o n l y spec i f i ca l l y discuss t h e case 
o f d y n a m i c r o u t i n g p r o b l e m s i n S u b s e c t i o n 3.4.4. 

T h e r e are m a n y d i f f e r e n t t y p e s o f s t a t i c r o u t i n g p r o b l e m s . G e n e r a l l y , 
we w i l l assume t h a t each processor s t a r t s w i t h a t m o s t one p a c k e t , a n d , for 
t h e m o s t p a r t , we w i l l focus o u r a t t e n t i o n o n t h e s i m p l e s t case o f one - to - one 
r o u t i n g p r o b l e m s . A r o u t i n g p r o b l e m is s a i d t o be one-to-one i f a t m o s t 
one p a c k e t is d e s t i n e d for a n y processor a n d i f each p a c k e t has prec i se ly one 
d e s t i n a t i o n . W e w i l l also cons ider m a n y - t o - o n e a n d o n e - t o - m a n y r o u t i n g 
p r o b l e m s . A r o u t i n g p r o b l e m is sa id t o be many-to-one i f m o r e t h a n one 
p a c k e t c a n have t h e same d e s t i n a t i o n . I t is s a i d t o be one-to-many i f a 
s ing le p a c k e t c a n have m u l t i p l e d e s t i n a t i o n s ( i . e . , i f copies o f one p a c k e t 
need t o be sent t o m o r e t h a n one d e s t i n a t i o n ) . 

W h e n m a n y packets are h e a d e d f o r t h e same d e s t i n a t i o n , t h e u s u a l 
p r o b l e m s w i t h c o n g e s t i o n i n t h e n e t w o r k c a n b e c o m e even m o r e severe. 
F o r e x a m p l e , i f a t m o s t one p a c k e t c a n be d e l i v e r e d t o i t s d e s t i n a t i o n 
d u r i n g each s tep , t h e n m o s t o f t h e packets t h a t are h e a d e d for a c o m m o n 
d e s t i n a t i o n w i l l exper i ence s i g n i f i c a n t de lays d u e t o ( i f f or no o t h e r reason) 
t h e b o t t l e n e c k a t t h e d e s t i n a t i o n . S u c h b o t t l e n e c k s are o f t e n r e f e r r e d t o as 
hot spots. Needless t o say, h o t spo ts c a n be a ser ious p r o b l e m since t h e y 
c a n also cause packets w h i c h are h e a d e d for o t h e r d e s t i n a t i o n s t o become 
d e l a y e d . 

W e w i l l descr ibe m a n y m e t h o d s for o v e r c o m i n g o r m i n i m i z i n g t h e ef
fects o f h o t spo ts a n d b o t t l e n e c k s r e s u l t i n g f r o m m u l t i p l e packets h a v i n g 
t h e same d e s t i n a t i o n . O n e a p p r o a c h t o d e a l i n g w i t h such p r o b l e m s is t o 
a l l o w packe ts t h a t are h e a d e d for t h e same d e s t i n a t i o n t o be c o m b i n e d . 
W h e n combining is a l l o w e d , we c a n m e r g e t w o packets P j a n d P 2 i n t o a 
s ing le ( p o s s i b l y l a r g e r ) packet p r o v i d e d t h a t P1 a n d P 2 are headed for t h e 
same d e s t i n a t i o n a n d t h a t P1 a n d P 2 are c o n t a i n e d i n t h e same n o d e a t 
t h e same t i m e . P a c k e t - r o u t i n g a l g o r i t h m s t h a t m a k e use o f c o m b i n i n g w i l l 
be d e s c r i b e d i n Subsec t i ons 3.4.3 a n d 3.4.7. 
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T h r o u g h o u t S e c t i o n 3.4, we w i l l i n s i s t t h a t o u r a l g o r i t h m s be on-line. 
T h i s m e a n s t h a t each processor ( or s w i t c h ) m u s t dec ide w h a t t o d o w i t h 
t h e packe t s t h a t pass t h r o u g h i t based o n l y o n i t s l o c a l c o n t r o l a n d t h e 
i n f o r m a t i o n c a r r i e d w i t h t h e packets . I n p a r t i c u l a r , we w i l l n o t a l l o w a 
g l o b a l c o n t r o l l e r t o p r e c o m p u t e r o u t i n g p a t h s as was d o n e i n t h e p r o o f s o f 
T h e o r e m s 3.12 a n d 3.16. A s a consequence , o u r a l g o r i t h m s w i l l be ab le t o 
h a n d l e a n y p a c k e t - r o u t i n g p r o b l e m i m m e d i a t e l y u s i n g o n l y l o c a l c o n t r o l . 

A s was m e n t i o n e d p r e v i o u s l y i n t h e t e x t , t h e d e v e l o p m e n t o f a n e f f i c ient 
r o u t i n g a l g o r i t h m for a n e t w o r k enables t h a t n e t w o r k t o e f f i c i e n t l y e m u l a t e 
a n y o t h e r n e t w o r k . M o r e g e n e r a l l y , i t w i l l enab le us t o get t h e r i g h t d a t a 
t o t h e r i g h t p lace a t t h e r i g h t t i m e . A s a consequence o f t h e o n - l i n e f e a t u r e 
o f t h e r o u t i n g a l g o r i t h m , we w i l l also be ab le t o e m u l a t e a b s t r a c t p a r a l l e l 
m a c h i n e s such as a p a r a l l e l r a n d o m access m a c h i n e ( P R A M ) . M e t h o d s for 
s i m u l a t i n g P R A M s o n h y p e r c u b i c n e t w o r k s w i l l be s t u d i e d e x t e n s i v e l y i n 
S e c t i o n 3.6. 

3.4 .2 G r e e d y R o u t i n g A l g o r i t h m s a n d W o r s t - C a s e 
P r o b l e m s 

W e b e g i n o u r s t u d y o f p a c k e t r o u t i n g a l g o r i t h m s o n h y p e r c u b i c n e t w o r k s 
b y c o n s i d e r i n g t h e p r o b l e m o f r o u t i n g N packe t s f r o m leve l 0 t o l eve l 
l o g N i n a l o g A " - d i m e n s i o n a l b u t t e r f l y . I n p a r t i c u l a r , we assume t h a t each 
n o d e ( u , 0) o n l eve l 0 o f t h e b u t t e r f l y c o n t a i n s a p a c k e t t h a t is d e s t i n e d 
for n o d e ( T T ( U ) , l o g AT) o n l eve l l o g A" w h e r e TT : [1,N] —» [1,AT] is a p e r 
m u t a t i o n . F o r e x a m p l e , we have i l l u s t r a t e d a n 8 -packet r o u t i n g p r o b l e m 
i n F i g u r e 3-48. I n t h i s e x a m p l e , we have se lected TT t o be t h e bit-reversal 
permutation ( i . e . , 7 r ( t t i • • • u i o g N ) = UiogN •••Ui, w h e r e ui • • • ulos_N denotes 
t h e b i n a r y r e p r e s e n t a t i o n o f u). 

A t first g lance , t h e r o u t i n g p r o b l e m s h o w n i n F i g u r e 3-48 does n o t 
seem p a r t i c u l a r l y d i f f i c u l t . I n d e e d , a n y o f t h e packe ts i n t h e p r o b l e m c a n 
be eas i ly r o u t e d t o i t s d e s t i n a t i o n s i m p l y b y s e n d i n g t h e p a c k e t a l o n g t h e 
u n i q u e p a t h o f l e n g t h l o g N t h r o u g h t h e b u t t e r f l y t o i t s d e s t i n a t i o n . F o r 
e x a m p l e , we have i l l u s t r a t e d t h i s p a t h for t h e p a c k e t d e s t i n e d for n o d e 
( 0 0 1 , 3 ) i n F i g u r e 3-48. 

I n g e n e r a l , t h e u n i q u e p a t h o f l e n g t h l o g A" f r o m a l e v e l 0 n o d e ( t t , 0) 
t o a l e v e l l o g N n o d e (v, l o g N) i n t h e b u t t e r f l y is k n o w n as t h e greedy 
path f r o m ( t t , 0) t o (v, l o g AT). I n t h e greedy routing algorithm, each p a c k e t 
is c o n s t r a i n e d t o f o l l o w i t s g r e e d y p a t h . W h e n t h e r e is o n l y one p a c k e t 
t o r o u t e , i t is easy t o see t h a t t h e g r e e d y a l g o r i t h m p e r f o r m s v e r y w e l l . 
T r o u b l e c a n arise w h e n m a n y packets have t o be r o u t e d i n p a r a l l e l , however . 
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F i g u r e 3 - 4 8 An 8-packet routing problem on the three-dimensional butterfly. 
In this problem, the packet starting at node (uiU2ii3,0) wants to go to node 
(u3«2Ui , 3 ) for each Uiu2u3. The greedy path for the packet starting at node 
( 1 0 0 , 0 ) is shown in boldface. 
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T h e p r o b l e m is t h a t m a n y greedy p a t h s m i g h t pass t h r o u g h a s ing le n o d e 
o r edge. F o r e x a m p l e , t h e packets s t a r t i n g a t nodes ( 0 0 0 , 0 ) a n d ( 1 0 0 , 0 ) 

i n F i g u r e 3 - 4 8 b o t h m u s t pass t h r o u g h edge ( ( 0 0 0 , 1 ) , ( 0 0 0 , 2 ) ) o n t h e w a y 
t o t h e i r d e s t i n a t i o n s . S ince o n l y one o f these packets c a n use t h e edge a t 
a t i m e , one o f t h e m m u s t be d e l a y e d be fore c ross ing t h e edge. 

I t is n o t d i f f i c u l t t o check t h a t t h e c o n g e s t i o n p r o b l e m a r i s i n g i n t h e 
e x a m p l e i l l u s t r a t e d i n F i g u r e 3 - 4 8 is n o t o v e r l y ser ious . A t m o s t t w o packe ts 
w i l l ever c o n t e n d f o r a m i d d l e - l e v e l edge, a n d e v e r y p a c k e t c a n reach i t s 
d e s t i n a t i o n i n a t o t a l o f 4 s teps u s i n g t h e greedy a l g o r i t h m . 

W h e n N is l a r g e r , however , t h e p r o b l e m c a n be m u c h m o r e ser ious . I n 
f a c t , a t o t a l o f 

g reedy p a t h s w i l l use t h e edge ( ( 0 • • • 0 , ( 0 • • • 0 , i n a l o g TV-
d i m e n s i o n a l b u t t e r f l y w h e n t h e g r e e d y a l g o r i t h m is used t o r o u t e N packe t s 
a c c o r d i n g t o t h e b i t - r e v e r s a l p e r m u t a t i o n . ( H e r e , we have a s s u m e d for 
s i m p l i c i t y t h a t l og TV is o d d . A s i m i l a r r e s u l t h o l d s w h e n l o g N is even . F o r 
e x a m p l e , see P r o b l e m 3 . 1 7 9 . ) T h e reason is t h a t t h e p a c k e t w h i c h s t a r t s 
a t n o d e (ux • • • u i o G N ~ i 0 0 • • • 0 , 0 ) m u s t t r a v e l t o n o d e ( 0 • • • O O t x I Q K A T - I • • - U i , 
l og N) a l o n g t h e p a t h 

( t i l • • • • u » o « g - i 0 0 - - - 0 . 0 ) - > ^ • • • u i . . « - i Q 0 - - ' 0 , l j 

l o g N - 3 
0 - - O t t l o g j y - i 0 0 - 0 

2 

0 • • • 0 0 0 • • • 0 , 

0 • • • 0 0 0 • • • 0 , 

2 

log AT - 1 ' 

2 

l og N + 1 

0 - - - 0 0 m o , j y - i 0 • 0 
2 

2 

l o g N + 3 

—> ( 0 • • • O O U I O K W - I • • - i / i . l og N). 

N o t e t h a t t h i s p a t h c o n t a i n s t h e edge 

o . . . o o o . . . o , l o g 7 V - 1 \ ^ / o . . . o o o . . . o , l o g A r + r 
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since t h e m i d d l e b i t o f b o t h ux • • • U \ < , K N - I 00 • • • 0 a n d 0 • • • 0 0 m . t w ^ i 
i i 2 2 

is 0. T h e r e are 2 ^ = y/N/2 poss ib le va lues o f U i ••• U k « « - i , a n d 

t h u s y/N/2 packets m u s t t r a v e r s e e w h e n t h e g reedy a l g o r i t h m is used 
t o r o u t e t h e packets . T h i s m e a n s t h a t a t least one o f t h e packets w i l l be 
d e l a y e d b y y/N/2 — 1 steps , a n d t h a t t h e g reedy a l g o r i t h m w i l l t a k e a t least 
\/N/2 + l o g N — 1 steps t o r o u t e a l l o f t h e packets t o t h e i r d e s t i n a t i o n s . I n 
f a c t , t h e g r e e d y a l g o r i t h m takes prec i se ly y/N/2 + l o g N — 1 steps t o r o u t e 
t h e b i t - r e v e r s a l p e r m u t a t i o n w h e n l o g AT is o d d . (See P r o b l e m 3.181.) 

U n f o r t u n a t e l y , t h e b i t - r e v e r s a l p e r m u t a t i o n is n o t t h e o n l y p e r m u t a t i o n 
t h a t r e q u i r e s @(->/N) s teps t o r o u t e u s i n g t h e g reedy a l g o r i t h m . I n d e e d , 
m a n y n a t u r a l p e r m u t a t i o n s e x h i b i t p o o r p e r f o r m a n c e w i t h t h e g reedy a l 
g o r i t h m . F o r e x a m p l e , t h e c o m m o n l y used transpose permutation 

ir[u\ • • • U l o g N U l o g N | j • • • U\0g N J — u '°s N [ i • • ' U\ogNUi • • • UiogN 

also r e q u i r e s @(y/~N) s teps u s i n g t h e g reedy a l g o r i t h m . (See P r o b l e m 3.182.) 
I n f a c t , t h e b i t - r e v e r s a l p e r m u t a t i o n a n d t h e t r a n s p o s e p e r m u t a t i o n are 

( u p t o c o n s t a n t f a c t o r s ) wors t - case p e r m u t a t i o n s for g reedy r o u t i n g o n t h e 
b u t t e r f l y . T h i s is because e v e r y one - to - one r o u t i n g p r o b l e m c a n be so lved 
i n 0(y/N) s teps o n a l og A - d i m e n s i o n a l b u t t e r f l y . W e w i l l p r o v e t h i s f a c t 
i n t h e f o l l o w i n g t h e o r e m . 

T H E O R E M 3 . 2 2 Given any routing problem on a l o g N-dimensional 
butterfly for which at most one packet starts at each level 0 node and at 
most one packet is destined for each level l o g N node, the greedy algo
rithm will route all the packets to their destinations in 0(y/N) steps. 

P r o o f . F o r s i m p l i c i t y , we w i l l assume t h a t l o g N is o d d . T h e case 
w h e n l o g N is even is h a n d l e d i n a s i m i l a r f a s h i o n . 

L e t e be a n y edge i n l eve l i o f t h e l og A - d i m e n s i o n a l b u t t e r f l y (0 < 
i < l o g AT), a n d de f ine nt t o be t h e n u m b e r o f g reedy p a t h s t h a t t r a v e r s e 
e. W e f i r s t observe t h a t < 2l~x f or every i. T h i s is because t h e r e are a t 
m o s t 21"1 nodes a t l eve l 0 w h i c h c a n reach e u s i n g a p a t h t h r o u g h levels 
1 , 2, . . . , i — 1 . F o r e x a m p l e , o n l y t h e packe ts s t a r t i n g a t nodes ( 0 0 0 , 0 ) 
a n d ( 1 0 0 , 0 ) c a n use t h e edge ( ( 0 0 0 , 1 ) , (000 , 2 ) ) i n a t h r e e - d i m e n s i o n a l 
b u t t e r f l y , no m a t t e r w h e r e each p a c k e t is d e s t i n e d . 

S i m i l a r l y , n{ < 2lo&N~l f or e v e r y i. T h i s is because t h e r e are a t 
m o s t 2 l o s N ~ l nodes a t leve l l o g A w h i c h c a n be reached f r o m e u s i n g a 
p a t h t h r o u g h levels i + ¿ + 2 , . . . , l o g AT. F o r e x a m p l e , o n l y t h e packets 
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e n d i n g a t nodes ( 0 0 0 , 3 ) a n d ( 0 0 1 , 3 ) c a n use t h e edge ( ( 0 0 0 , 1 ) , (000 , 2 ) ) , 
no m a t t e r w h e r e t h e packe ts o r i g i n a t e . 

Since a n y p a c k e t c ross ing e c a n o n l y be d e l a y e d b y t h e o t h e r nt — 1 
packe ts t h a t w a n t t o cross t h e edge, t h e t o t a l d e l a y e n c o u n t e r e d b y a n y 
p a c k e t as i t t raverses levels 1 , 2, . . . , l o g A" c a n be a t m o s t 

log N ioSN + l N 

£ > i - l ) < E 2 t _ 1 + E 2 1 0 ^ - l o g iV 
¿ = 1 i = l - l o g N + 3 

% ~ 2 
, ' o g JV + 1 l o g N - 1 „ 

= 2 ^ 2 2 _ l o g — 2 

H e n c e , t h e t o t a l t i m e t o c o m p l e t e a n y one - t o - one r o u t i n g p r o b l e m is a t 
m o s t O(VN), as c l a i m e d . • 

T h e p r e c e d i n g ana lys i s does n o t s p e c i f i c a l l y d e a l w i t h t h e p r o b l e m o f 
packets p i l i n g u p i n queues . I n d e e d , t h e queues a t nodes i n t h e m i d d l e 
levels o f t h e b u t t e r f l y m i g h t g r o w t o be as l a r g e as Q(y/N) i f w e d o n o t 
l i m i t t h e i r size. (See P r o b l e m 3.183.) W e c a n r e s t r i c t t h e g r o w t h o f t h e 
queues b y n o t a l l o w i n g a n y p a c k e t t o m o v e f o r w a r d across a n edge i f t h e r e 
are t o o m a n y packe ts (say q) i n t h e queue a t t h e o t h e r e n d o f t h e edge. 
T h e p r o b l e m w i t h l i m i t i n g t h e q u e u e sizes, however , is t h a t packe t s c a n be 
d e l a y e d even f u r t h e r . I n f a c t , i f we r e s t r i c t queue sizes t o be O ( l ) i n t h e 
b u t t e r f l y , t h e n t h e g reedy a l g o r i t h m c a n be f o r ced t o use Q(N) steps t o 
r o u t e some p e r m u t a t i o n s . (See P r o b l e m 3.185.) 

F o r s m a l l va lues o f N, t h e wors t - case p e r f o r m a n c e o f t h e g reedy r o u t i n g 
a l g o r i t h m is n o t so b a d . T h i s is because y/N a n d l o g N are n o t a l l t h a t 
d i f f e r e n t w h e n A" is s m a l l (say, less t h a n 100) . F o r la rge N, t h e wors t - case 
p e r f o r m a n c e o f t h e g reedy a l g o r i t h m becomes m o r e o f a p r o b l e m , h o w e v e r , 
p a r t i c u l a r l y s ince so m a n y o f t h e n a t u r a l p e r m u t a t i o n s ( such as b i t - r e v e r s a l 
a n d t r a n s p o s e ) e x h i b i t wors t - case p e r f o r m a n c e for t h e g reedy a l g o r i t h m . 

O f course , we k n o w f r o m T h e o r e m 3.11 t h a t e v e r y p e r m u t a t i o n c a n be 
r o u t e d i n 2 l o g N s teps o n t h e b u t t e r f l y w i t h queues o f size 1 , p r o v i d e d t h a t 
we are a l l o w e d t o use o f f - l i n e p r e c o m p u t a t i o n a n d t h a t we c a n m a k e t w o 
passes t h r o u g h t h e b u t t e r f l y . Hence , i t m a k e s sense t o use a spec ia l set o f 
p r e c o m p u t e d r o u t i n g p a t h s ( i n s t e a d o f t h e greedy a l g o r i t h m ) w h e n e v e r w e 
e n c o u n t e r one o f t h e k n o w n wors t - case p e r m u t a t i o n s . A s a consequence , 
we r e a l l y d o n ' t have t o w o r r y a b o u t t h e wors t - case p e r f o r m a n c e o f t h e 
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b i t - r e v e r s a l a n d t r a n s p o s e p e r m u t a t i o n s s ince we d o n ' t have t o r o u t e t h e m 
u s i n g t h e g r e e d y a l g o r i t h m . 

U n f o r t u n a t e l y , t h e r e are m a n y b a d p e r m u t a t i o n s for t h e g r e e d y a l g o 
r i t h m , a n d i t is n o t feasible t o p r e c o m p u t e spec ia l r o u t i n g p a t h s for a l l 
o f t h e m u s i n g T h e o r e m 3 . 1 1 . I n a n a t t e m p t t o o v e r c o m e t h i s p r o b l e m , 
s p e c i a l - p u r p o s e r o u t i n g a l g o r i t h m s have b e e n d e v e l o p e d t h a t w o r k w e l l 
for l a r g e classes o f p e r m u t a t i o n s t h a t are n o t h a n d l e d e f f i c i e n t l y b y t h e 
g reedy a l g o r i t h m . F o r e x a m p l e , see P r o b l e m s 3 . 1 8 8 - 3 . 1 9 1 . W h i l e such 
s p e c i a l - p u r p o s e a l g o r i t h m s c a n e f f i c i e n t l y h a n d l e several n a t u r a l p e r m u t a 
t i o n s such as t h e t r a n s p o s e a n d b i t - r e v e r s a l p e r m u t a t i o n s , t h e y are s t i l l 
n o t su f f i c i ent t o e f f i c i e n t l y h a n d l e a l l o f t h e p e r m u t a t i o n s for w h i c h t h e 
g reedy a l g o r i t h m p e r f o r m s p o o r l y . I n d e e d , we w i l l have t o cover a l o t m o r e 
m a t e r i a l be fore we are r e a d y t o descr ibe r o u t i n g a l g o r i t h m s t h a t p e r f o r m 
w e l l for a l l p e r m u t a t i o n s . 

I n t h e p r e c e d i n g d i s cuss i on , we c o n c e n t r a t e d o n t h e p r o b l e m o f r o u t i n g 
packe t s f r o m one e n d o f t h e b u t t e r f l y t o t h e o t h e r . ( S u c h r o u t i n g p r o b 
l ems are s o m e t i m e s c a l l e d end-to-end r o u t i n g p r o b l e m s . ) I n p r a c t i c e , t h e 
b u t t e r f l y is o f t e n used t o r o u t e packets i n e x a c t l y t h i s f a s h i o n . I t is also 
s o m e t i m e s used t o r o u t e packets b e t w e e n a l l o f t h e nodes o f t h e n e t w o r k . 
W h e n each n o d e o f t h e l og A ^ - d i m e n s i o n a l w r a p p e d b u t t e r f l y s t a r t s a n d f i n 
ishes w i t h one p a c k e t , a n d each o f t h e l o g N packe t s is g r e e d i l y r o u t e d ( i n 
t h e same d i r e c t i o n ) f i r s t t o t h e c o r r e c t r o w a n d t h e n t o t h e c o r r e c t n o d e , 
t h e n each o f t h e A" l o g N packets w i l l be r o u t e d t o t h e c o r r e c t d e s t i n a t i o n 
w i t h i n Q(^/WlogN) steps i n t h e w o r s t case. (See P r o b l e m s 3 .192-3 .193 . ) 

F o r s i m p l i c i t y , we w i l l c o n t i n u e t o focus o u r s t u d y o f h y p e r c u b i c r o u t i n g 
a l g o r i t h m s o n t h e p r o b l e m o f r o u t i n g packe t s f r o m one e n d o f t h e b u t t e r 
f l y t o t h e o t h e r . T h e r e s u l t s t h a t we o b t a i n for t h i s p a r t i c u l a r p r o b l e m 
c a n u s u a l l y be e x t e n d e d t o h o l d for m o s t o t h e r h y p e r c u b i c r o u t i n g p r o b 
l ems o f i n t e r e s t . F o r e x a m p l e , r e s u l t s for e n d - t o - e n d r o u t i n g o n a l o g N-
d i m e n s i o n a l b u t t e r f l y c a n be i m m e d i a t e l y e x t e n d e d t o h o l d for a r b i t r a r y 
r o u t i n g p r o b l e m s ( i .e . , r o u t i n g p r o b l e m s w h e r e e v e r y n o d e m a y s t a r t w i t h 
a p a c k e t ) o n a n A ' - n o d e h y p e r c u b e , s ince t h e r e is such a close r e l a t i o n 
s h i p b e t w e e n t h e edges o f t h e l o g A - d i m e n s i o n a l b u t t e r f l y a n d t h e edges o f 
t h e A - n o d e h y p e r c u b e . M o r e o v e r , i f t h e packets m o v e t h r o u g h t h e h y p e r 
c u b e i n a n o r m a l f a s h i o n , t h e n t h e r e s u l t s c a n also be e x t e n d e d t o h o l d for 
a r b i t r a r y r o u t i n g p r o b l e m s o n a n y A - n o d e h y p e r c u b i c n e t w o r k . 

R e s u l t s for e n d - t o - e n d r o u t i n g o n a b u t t e r f l y c a n also be e x t e n d e d t o 
h o l d for a r b i t r a r y b u t t e r f l y r o u t i n g p r o b l e m s b y first r o u t i n g each p a c k e t 
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t o t h e leve l 0 n o d e i n i t s r o w , a n d t h e n r o u t i n g t h e p a c k e t t o t h e leve l l o g A 
n o d e i n i t s d e s t i n a t i o n r o w , be fore r o u t i n g t h e p a c k e t t o i t s c o r r e c t des
t i n a t i o n . T h e h a r d p a r t o f t h e r o u t i n g is t h e e n d - t o - e n d r o u t i n g , since 
r o u t i n g packets w i t h i n t h e i r r o w s c a n u s u a l l y be a c c o m p l i s h e d i n 0 ( l o g A ) 
a d d i t i o n a l steps. I n o t h e r w o r d s , s o l v i n g a n a r b i t r a r y r o u t i n g p r o b l e m o n 
a l og T V - d i m e n s i o n a l b u t t e r f l y is o f t e n n o t m u c h h a r d e r t h a n s o l v i n g l og A 
e n d - t o - e n d r o u t i n g p r o b l e m s o n t h e b u t t e r f l y . I n a d d i t i o n , b y u s i n g p i p e l i n 
i n g , we w i l l o f t e n f i n d t h a t s o l v i n g l o g A e n d - t o - e n d r o u t i n g p r o b l e m s o n 
a b u t t e r f l y is n o t m u c h h a r d e r t h a n s o l v i n g a s ing le e n d - t o - e n d r o u t i n g 
p r o b l e m o n t h e b u t t e r f l y . 

D e s p i t e t h e fa c t t h a t t h e g reedy r o u t i n g a l g o r i t h m p e r f o r m s p o o r l y 
i n t h e w o r s t case, t h e g reedy a l g o r i t h m is v e r y use fu l . I n f a c t , we w i l l 
show t h a t t h e g reedy a l g o r i t h m o f t e n p e r f o r m s e x c e p t i o n a l l y w e l l . F o r 
e x a m p l e , for m a n y use fu l classes o f p e r m u t a t i o n s , t h e g reedy a l g o r i t h m 
r u n s i n l o g N s teps , w h i c h is o p t i m a l . A n d , for m o s t p e r m u t a t i o n s , t h e 
g reedy a l g o r i t h m r u n s i n l og A + o ( l o g N) s teps . ( W e p r o v e these i m p o r t a n t 
fac ts i n Subsec t i ons 3.4.3 a n d 3.4.4, r e s p e c t i v e l y . ) A s a consequence , t h e 
g reedy a l g o r i t h m is w i d e l y used i n p r a c t i c e . 

I n w h a t f o l l o w s , we digress b r i e f l y f r o m o u r s t u d y o f g reedy r o u t i n g 
a l g o r i t h m s o n h y p e r c u b i c n e t w o r k s i n o r d e r t o p r o v e a g e n e r a l l ower b o u n d 
o n t h e t i m e r e q u i r e d for a n y g r e e d y l i k e a l g o r i t h m t o r o u t e a wors t - case 
p e r m u t a t i o n o n a n a r b i t r a r y n e t w o r k . 

A G e n e r a l L o w e r B o u n d f o r O b l i v i o u s R o u t i n g • 

A r o u t i n g a l g o r i t h m is sa id t o be oblivious i f t h e p a t h t r a v e l l e d b y each 
p a c k e t d e p e n d s o n l y o n t h e o r i g i n a n d d e s t i n a t i o n o f t h e p a c k e t ( a n d n o t 
o n t h e o r i g i n s a n d d e s t i n a t i o n s o f t h e o t h e r packets n o r o n c o n g e s t i o n e n 
c o u n t e r e d d u r i n g t h e r o u t i n g ) . F o r e x a m p l e , t h e g reedy r o u t i n g a l g o r i t h m 
o n t h e b u t t e r f l y is o b l i v i o u s , s ince each p a c k e t f o l l ows t h e g reedy p a t h t o 
i t s d e s t i n a t i o n . 

I n w h a t f o l l o w s , we w i l l show t h a t for a n y A - n o d e , degree -d n e t w o r k 
a n d a n y o b l i v i o u s r o u t i n g a l g o r i t h m , t h e r e is a n A - p a c k e t one - to - one r o u t 
i n g p r o b l e m for w h i c h t h e a l g o r i t h m w i l l t a k e Q(VN/d) s teps t o c o m p l e t e 
t h e r o u t i n g . T h i s m e a n s t h a t t h e wors t - case r u n n i n g t i m e o f a n y o b l i v i o u s 
o r g r e e d y r o u t i n g a l g o r i t h m o n t h e b u t t e r f l y w i l l be Vt(y/N), a f a r c r y f r o m 
t h e des i red b o u n d o f 0 ( l o g A ) . I n f a c t , t h i s m e a n s t h a t t h e wors t - case r u n 
n i n g t i m e o f t h e g reedy a l g o r i t h m o n a n y A^-node b o u n d e d - d e g r e e n e t w o r k 
is Q(\/N). For t h e h y p e r c u b e , t h e wors t - case b o u n d w i l l be Q(y/~N/ l o g N). 


