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Abstract

The edge-bandwidth problem is an analog of the classical bandwidth problem, in which one has to label
the edges of a graph by distinct integers such that the maximum difference of labels of any two incident
edges is minimized. We prove tight bounds on the edge-bandwidth of hypercube and butterfly graphs
and complete k-ary trees which extend and improve on previous known results. We also provide an
improvement on the upper bound for the bandwidth of butterfly.

1 Introduction

Let G = (V,E) be a simple graph with |[V| = n and |E| = m. Let f be a bijection from V to the set
{1,2,3,...,n}, called a labelling of vertices of G. The bandwidth of G is defined to be

B(G) = min max_|f(u) = f(v)]

where the minimum is taken over all possible labellings f of G. There are several motivations for studying the
bandwidth problem: sparse matrix computations, representing data structures by linear arrays, VLSI layouts
and mutual simulations of interconnection networks, see surveys [3, 4, 17]. The problem is NP-hard and is
inapproximable by any multiplicative constant even for the class of caterpillar graphs [19], unless P = N P.
Bandwidths are known only for a few infinite families of graphs including hypercubes [9], complete trees [10]
and various mesh-like graphs, see [3, 10, 11, 14, 16]. Lower bound techniques are surveyed in [20].

The edge-bandwidth problem goes back to the work of Hwang and Lagarias [12]. It is defined as an analog
of the bandwidth problem where instead of vertices one labels the edges. More formally, let g be a bijection
from F to the set {1,2,3,...,m}, called a labelling of edges of G. The edge-bandwidth of G is

B'(G) = minmax{|g(a) — g(b)| : a,b € E,a,b are incident},
g

where the minimum is taken over all possible labellings g of edges of G. Griinwald and Weber [7, §]
determined edge-bandwidths for complete binary trees, complete and complete bipartite graphs. Bezrukov
et al. [2] considered the edge-bandwidth of the n-dimensional hypercube graph @, and showed estimations:

on=1 | 9n=2 < BI(Q,) < 2 %1 (LZJ) 1 (1)

2

Recently, Tao Jiang el al. [13] rediscovered the edge-bandwidth for K,,, K, ,, and found an exact result for
caterpillars. In a subsequent paper Eichhorn et al. [5] computed edge-bandwidths of all theta graphs. Let
L(G) denote the line graph of G i.e. the graph whose vertices are edges of G and two vertices are adjacent
if and only if the edges were incident in G. Then by the above definition

B'(G) = B(L(G)). (2)
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The aim of this paper is to prove several new results on the edge-bandwidth for typical graphs. Section 2
contains usefull upper and lower bounds on bandwidths. In Section 3 we essentially improve the lower bound
in (1). Tight bounds on the edge-bandwidth for butterfly graphs and complete k-ary trees are in Sections
4 and 5, respectively. The tecnique used to achieve the upper bound on the edge-bandwidth for butterflies
is used also to improve the previously known results on the bandwidth of butterflies. In the last section we
discuss a possible further research.

2 General Bounds

First we mention two powerful lower bound methods for estimating the bandwidth and then prove a new
relation between the edge-bandwidth and bandwidth.
Let G = (V, E) be a graph. For S CV, let

0S)={veV -35| (u,v) € E,ueS}.
Harper [9] in his seminal work on the bandwidth of the hypercube graph implicitely proved:

Theorem 1 For any k,0 < k < |V]/2

B(G) > min max{|9(9)],|0(V — 9)|}.

|S|=k
Another useful estimation is, see e.g. [20]:

Lemma 1 Let H be a graph on p vertices of diameter diam(H) > 0. Then

B(H) > {dizm;&f)w . (3)

Jiang et al. [13] proved that
B'(G) < 2B(G) +t -1,

where t denotes the arboricity of G. Let A denote the maximum degree of G. As t < A we immediately
have
B'(G) <2AB(G)+A -1,

We improve on this estimation by proving the following:

Theorem 2
B'(G) < A(B(G) +1).

Proof: Consider an optimal labelling of G with respect to the bandwidth measure. Identify the vertices

with their labels. Let d; be the degree of the vertex i.

Label edges incident to 1 by 1,2, ...,d;.

Label unlabelled edges incident to 2 by dy + 1,dy + 2, ...,dy + x2, where 2 < ds.

Label unlabelled edges incident to: <n—1by dy + 23+ 23+ ... + ;1 + 1,....,d1 + T2 + 3 + ... + ;, Where
Now we check the labelling. Let (4,7) and (j, k) be any pair of incident edges of G. Assume that i <

j < k. Clearly the label of (i,7) is at least d; + 22 + x3 + ... + ©;—1 + 1 and the label of jk is at most

di +z2+ 23+ ... +xi—1 + x; + ... + z;. Hence the difference of labels of edges (4, j) and (7, k) is at most

ri+..+z,—-1<(—-i+1)A-1<(B(G)+1)A—-1.

Assume now i, k < j. The proof is similar. 0



3 The Hypercube Graph

In this section we essentially improve the lower bound from [2] for the edge-bandwidth of the hypercube
graph. In a n-dimensional hypercube Q,,, the vertices are all binary strings of length n, and two vertices are

adjacent if and only if they differ in exactly one position.

Theorem 3 The edge-bandwidth of the n-dimensional hypercube satisfies

#@) =5 ()

Proof: Consider the graph L(Q,,). It has n2"~! vertices. We prove that for any n2"~2-vertex set S C V

was{io() o -5 = 54

which - in combination with Theorem 1 - will imply the lower bound.

Color the vertices of S by red and the vertices of V' — S by white. Note that L(Q,) is a union of 2"
n-cliques, where the edge set of L(Q,,) is a disjoint union of the edges of the cliques. Let R, W and M be
the set of all red, white and mixed cliques, respectively. Clearly, |R|+ |W|+ |M| = 2™. For a mixed clique
c € M, let x. denote the number of its red vertices, 1 < x, < n — 1. Since each node is shared by exactly

two n-cliques, it is straightforward to observe that

0(5)] = 5

O
g
£}
:

and similarly
oV —9)| = 5 Z e
CEI\/[
Then

max{|9(S)]. [V ~ )} = 5(AS)] + 2V ~ $))) > 1| MIn

Distinguish two cases.

1. If [M| > (sz) then we are done.

2. Assume |M| < ([ZW)' We show that this case is impossible.

Summing up the numbers of red vertices in red cliques and mixed cliques one has

|R|n + Z T, =n2" 1

ceM

as every red vertex was counted twice. Similarly for the number of white vertices

Win+ > (n— =) =n2""".
ceM

Z%_W

ceM

We can assume that

otherwise we change the role of the red and white vertices. By combining (7) and (6) we get

1/ n
on—1 —< . > <|R| < 2"t
2\[3]

(4)

(8)

Now consider again the original hypercube Q,. Clearly, there is a one-to-one correspondence between n-
cliques in L(Q,,) and vertices in Q,,, according to the line graph operation. In other words, a vertex v in Q,,
corresponds to a clique in L(Q,,), created on the edges of Q,, incident to v. Let R’ be the set of all vertices



in Q,, which correspond to cliques in R. Define similarly the sets W’ and M’. Then |R'| = |R|, |W’| = |W|
and |M'| = |[M|. Observe that 9(R') C M’ and hence

W@NSW%%MK(£O- )

Frankl [6] proved the following usefull estimation: Let A be a subset of the vertices of Q,,. If

() () (1))

for an integer r and a real y, then

Because (8) implies

1/ n
2n1_<n><|R/|<2n1
2\[31

IR = (Z) + <n7z 1) TR Q%ﬁ 1) - ((%1)’

for some real y, [n/2] <y < n. By applying the Frankl’s result we get

wmwz(£0+(gfl)‘Q;)zQ;)

which contradicts to (9). 0

we have

4 The Butterfly Graph

In this section section we present upper and lower bounds on the edge-bandwidth for butterflies. Using
the same technique, we improve also the previously known result on the upper bound for the bandwidth of
butterflies. The n-dimensional butterfly graph B,, has vertices [i,w], where w is a binary string of length
n and 7 is an integer in the range from 0 to n. The vertex [i,w] is adjacent to [i + 1,w’] if and only
if either w = ’LU/ or w = 51, ﬁg, ---aﬁi—laﬁiaﬁi—i—l; ...,ﬁn_l and ’LU/ = ﬁl,ﬁg, ...,ﬁi_l,ﬁi, ﬁi-l‘l) ...,ﬁn_l. The
n-dimensional butterfly has 2"(n + 1) vertices and 2""'n edges. Its diameter is 2n. The butterfly graph
represents the standard interconnection network of parallel computers [15], especially suitable for sorting
and the Fast Fourier Transform, and it is usually graphically represented as in Figure 1.a. However, it is
possible to highlight the simmetry of butterfly graphs with respect to its last level, as depicted in Figure
1.b. In the following, we will use just this representation.

Before proving the bound on the edge-bandwidth of the butterfly, we need to do some preliminary obser-
vations.

First note that the n-dimensional butterfly network B,, can be covered by 2"*! edge-disjoint complete
binary trees as follows:

— two trees T),4+1 having n + 1 levels, sharing their leaves;

— for any i = 3,...,n, 217 trees T; having i levels, sharing their leaves with internal vertices of some
tree T}, j > i, (and their internal vertices with some Ty, k < 7).

Since we use the butterfly representation of Figure 1.b, in the following we consider only half of all these

trees, since the other half is symmetrical (see Fig. 3.a).

In view of the previous decomposition in trees, we need to describe the line graph of a complete binary tree
to construct L(B,). Let T, be the complete binary tree of depth n. The graph L(T},) is constructed from
two binary trees of type T;,—1 in the following way: in every non-leaf vertex of each 7T, join its children
and finally join the roots of both trees. See Fig. 2 where Ty and L(T}) are depicted.

The graph L(T},,) has 2" — 2 vertices and diameter 2n — 1. The vertices of L(T},) are divided into levels
1,2,3,...,n, starting from the top.
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Figure 1: Two different representations of Bs.
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Figure 2: Ty and L(Ty).



Observe that L(T},) consists of two equal subgraphs, G and Gg, connected by one horizontal edge.
Although G (GR) is not a tree, in the following we will use anyway the notation of trees; e.g. we call
”leaves” the vertices on the last level, "parent” of a vertex v the vertex connected to v and lying on the
previous level, and so on.

Now we are ready to prove the following theorem:

Theorem 4 The edge-bandwidth of the n-dimensional butterfly satisfies

2" < B'(B,) < 22”.

Proof: Lower bound. The lower bound follows from (3) by noting that L(B,) has 2"Tn vertices and the
diameter of 2n.

Upper bound. We prove the upper bound by giving a feasible labeling for the line graph of the n-dimensional
butterfly network L(B,,).

We construct a graphical representation of L(B,,) (in fact, of half of it) with vertices with integer coordinates
exploiting the line graph of the complete binary tree. This representation induces an ordering on the vertices
of each level and we can follow this order to label the vertices of L(B,,). The representation of L(B,) in the
plane is constructed in the following way (for an intuition, see Figure 3.b), putting the origin of the axes on
the top left corner with the z-axis being directed to the right and the y-axis being directed down:

— put on the plane vertices of the line graph of the biggest tree in B,, in the following way:

e put the root of G, at coordinates (0, 0);
e put the root of G at coordinates (2"~ 1,0);

e given an already placed vertex with coordinates (z,4 — 1), ¢ = 1,...,n — 1, put its left child at
coordinates (z,1);

e given an already placed vertex with coordinates (x,i — 1), 4 = 1,...,n — 1, put its right child at
coordinates (z + 2"t~ 4).

— While all the trees in B,, have been considered:
Consider the biggest tree T in B,, not considered yet; let h be the height of T'; observe that the leaves
of the line graph of T" have already been put on the plane, since they correspond to vertices shared with
higher trees;
put on the plane vertices of the line graph of T" in the following way:

o for each vertex of L(T) at level h — 1:
let v; and ve be the children of v in L(T') already drawn;
if v1 and ve have coordinates (z1,h) and (x2, h), respectively, x; < x, then let (x2,h — 1) be the
coordinates of v;

o for all levels j from h — 2 downto 1:
for all vertices v of L(T) at level j: let v; and ve be the children of v in L(T) at level j + 1; if vy
and vy have coordinates (1,7 + 1) and (22,5 + 1), respectively, 21 < xo, then let (x1,5) be the
coordinates of v.

Once all vertices in L(B,,) have been laid out, we can easily add all its edges (see Figure 3.b) and do the
following observations:

Observation 1 Edges connecting vertices on the same level j are incident to vertices whose x-coordinates
differ by 27177,

Observation 2 The graphical representation of the set of edges connecting vertices at level j with vertices
at level j + 1 is as the usual butterfly-like set of edges between levels n — 1 — j and n — 2 — j and its cross
width is 27772,

Now we consecutively label in increasing fashion all vertices of L(B,,) from left to right, from level 0 to
level n — 1, and we prove that the bandwidth of this labeling is %2".

Observe that each level contains exactly 2™ vertices of L(B,). Consider now the general edge e = (v, w)
in L(B,,). Then: either v and w are on the same level, or v is on level j and w is on level j + 1 (the inverse
is symmetrical). If v and w are on the same level, then their labels differ by at most 2"~ ! as it follows from
Obs. 1, applied with j = 0. On the other hand, if v and w lie on consecutive levels — exploiting Obs. 2 —



Figure 3: a. Half of By, where the tree covering is highlighted. b. A graphical representation of half of
L(Bs).

then it is easy to see that the biggest difference between their labels happens when the z-coordinate of v is
smaller than the z-coordinate of w and j = 0; in such a case the labels differ by the size of a whole level
plus the maximum cross width, i.e. by 2" +2"~2 = 327,

0

Concerning the vertex bandwidth of B,,, Barth et al. [1] proved the following bounds for the bandwidth
of the n-dimensional butterfly graph:
2n—1 S B(Bn) S 3 . 271—1.

By exploiting the same technique of labeling row by row a layout of the network, we improve the upper
bound:

Theorem 5 The bandwidth of the n-dimensional butterfly satisfies
B(B,) <2".
Proof: Consider the drawing of B,, from the Figure 1.b Label the vertices by 1,2,3,...,2"(n+ 1) in the row

by row manner starting from the left top vertex. One can easily see that the maximum difference is 2. []

We conjecture equality in the above bounds.

5 Complete k-Ary Trees

In this section we give an asymptotically optimal estimation for the edge-bandwidth of the complete k-ary
tree, k > 3. Let T}, denote the complete k-ary tree of the depth n. Define Gy, = L(T,,). The graph
G has (k"™ — k)/(k — 1) vertices and diameter 2n — 1.

Theorem 6 The edge-bandwidth of the complete k-tree of depth n satisfies

Entl — 2k 41 k("1 — 1)

@ 1) =2 Tea) <k [m%kl- (10)



Proof: Lower bound. A lower bound is given immediately by the inequality (3)

kntl — 2k + 1
B'(Tpn) > — 07 11
( k’)_(Qn—l)(szl) (11)
Upper bound. Note that every k incident edges on the same edge level in 7 ,, induce a k-clique in Gy, . By
shrinking every such clique into a single vertex and by removing multiple edges we get 7 ,—1. According

to [18]
k(k"=t —1)
n-—2)(k—1)|
Now multiply every label by k and expand 7 ,—1 back to Gi,. Label the vertices of a clique by lk,lk —
1,lk—2,...,lk — k+1 if the corresponding vertex in 7 ,—1 was labelled by {. Finally, take any two adjacent

vertices in Gy, ,,. Let the vertices belong to cliques which correspond to vertices labelled by [ and I’ in Tk, ,—1,
where [ > I’. Then

B(Tunon) = |

k(L — 1)

B(Gin) = B'(Tip) <lk— Uk —k+1) < k(L —1) +k—1<k [m

erkl. (12)

By combining the bounds in (11) and (12) we get the result. 0

6 Conclusion

We essentially improved a lower bound for the edge-bandwidth of the hypercube graph and gave tight
estimations for the butterfly graph and the complete k-ary trees, k& > 3. Determining the exact values
remains an open problem. Another intersting open question is the edge-bandwidth of the m x n grid. We
conjecture that the optimal value is 2n — 1, for m > n.

Acknowledgement. This work was done while the third author was visiting the Computer Science Depart-
ment of the University of Rome ”La Sapienza”. He would like to thank for the hospitality and an inspiring
atmosphere.

References

[1] Barth, D., Pellegrini, F., Raspaud, A., Roman, J., On bandwidth, cutwidth and quotient graphs,
RAIRO 29 (1995), 487-508.

[2] Bezrukov, S., Grinwald, N.,; Weber, K., On edge-numberings of of the n-cube, Discrete Applied Math-
ematics 46(1993), 96-116.

[3] Chinn, P.Z., Chvétalova, J., Dewdney, A.K., Gibbs, N.E., The bandwidth problem for graphs and
matrices - a survey, J. Graph Theory 6 (1982), 223-254.

[4] Chung, F.R.K., Labeling of graphs, in: Selected topics in graph theory, Vol. 8, (L.W. Beineke, R.J.
Wilson, eds.), Academic Press, San Diego, 1988, 151-168.

[5] Eichhorn, D., Mubayi, D., O’Bryant, K., West, D.B., The edge-bandwidth of theta graphs, J. Graph
Theory 35 (2000), 89-98.

[6] Frankl, P., A lower bound on the size of a complex generated by an antichain, Discrete Mathematics
76 (1989), 51-56.

[7] Griinwald, N., Optimal edge-numbering of binary trees, in: Topics in Combinatorics and Graph Theory,
(R.Bodendiek, R.Henn, eds.), Physica Verlag,Heidelberg, 1990, 285-289.

[8] Griinwald, N., Weber, K., On optimal pair sequences, J. Information Processes and Cybernetics, EIK
25 (1989), 75-86.

[9] Harper, L.H., Optimal numberings and isoperimetric problems ob graphs, J. Combinatorial Theory 1
(1966), 385-393.



Hochberg, R., McDiarmid, C., Saks, M., On the bandwidth of triangulated triangles, Discrete Mathe-
matics 138 (1995), 261-265.

Hendrik, U., Stiebitz, M., On the bandwidth of the graph products, J. Information Processes and
Cybernetics 28 (1992), 114-125.

Hwang, F.K., Lagarias, J.C., Minimum range sequences of all k-subsets of a set, Discrete Mathematics
19 (1977), 257-264.

Jiang Tao, Mubayi, D., Shahstri, A., West, D.B., Edge-bandwidth of graphs, SIAM J. Discrete Math-
ematics 12 (1999), 307-316.

Lam, P.C.B., Shiu, W.C., Chan, W.H., Lin., Y., On the bandwidth of convex triangulated meshes,
Discrete Mathematics 173 (1997), 285-289.

Leighton, F.T., Introduction to Parallel Algorithms and Algorithms: Arrays,Trees and Hyoercubes,
Morgan Kaufmann, San Mateo, 1992.

Li Qiao, Tao Mao-qui, Shen Yun-qui, The bandwidth of the discrete tori C,, x C,, J. China University
of Science and Technology 11 (1981), 1-16. (In Chinese).

Monien, B., Sudborough, I.H., Embedding one interconnection network in another, Computing Sup-
plement 7(1990), 257-282.

Smithline, L., Bandwidth of the complete k-ary tree, Discrete Mathematics 142 (1995), 203-212.

Unger, W. The complexity of the approximation of the bandwidth problem, in: Proc. 1998 Annual
Symposium on Foundations of Computer Science, IEEE Press, Baltimore, 1998, 82-91.

Zhou Sanming, Bounding the bandwidths for graphs, Theoretical Computer Science 249 (2000), 357-
368.



