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Global optimization

 Global optimization is the branch of applied 

mathematics and numerical analysis that focuses on 

optimization. 

 The goal of global optimization is to find the best 

possible elements x⋆ from a set X according to a set of 

criteria F = {f1, f2, .., fn}.

 These criteria are expressed as mathematical functions, 

the so-called objective functions.



Global optimization

 Definition (Objective Function)

An objective function f : X → Y with Y ⊆ R is a 

mathematical function which is subject to optimization.

 The codomain Y must be a subset of the real numbers

 The domain X is called problem space and can represent any 

type of elements like numbers, lists, construction plans, etc.

 Objective functions are not necessarily mathematical 

expressions, but can be complex algorithms that, for 

example, involve multiple simulations. 



Global optimization

 Global optimization comprises all techniques that 

can be used to find the best elements x⋆ in X with 

respect to criteria f ∈ F.

 Optimization problems are difficult.

 If optimization was a simple thing to do, there wouldn’t 

be a whole branch of mathematics with lots of cunning 

people dealing with it.



Global optimization

 We distinguish between local and global optima. 

 A global optimum (maximum or minimum) is an 

optimum of the whole domain X while a local optimum 

is an optimum of only a subset of X.



Global optimization

Single Objective Functions

 In the case of optimizing a single criterion f, an optimum 

is either its maximum or minimum.

 If we own a manufacturing plant and have to assign 

incoming orders to machines, we will do this in a way 

that minimizes the time needed to complete them. 

 On the other hand, we will arrange the purchase of raw 

material in a way that maximizes our profit. 



Global optimization

Minimization

 Many optimization algorithms have been developed for 

single-objective optimization in their original form, 

minimization or maximization. 

 In global optimization, it is a convention that problems 

are most often defined as minimizations and if f is 

subject to maximization, we minimize its negation −f.



Global optimization

Multiple Objective Functions

 In many real-world design or decision making problems, 

global optimization techniques are applied to sets F 

consisting of n = |F| objective functions fi, each 

representing one criterion to be optimized

F = {fi : X → Yi : 0 < i ≤ n, Yi ⊆ R} 



Global optimization

Weighted Sums (Linear Aggregation)

 The simplest method to define what is optimal is 

computing for Multiple Objective Functions is by a 

weighted sum g(x) of all the functions fi(x) ∈ F.

 Each objective fi is multiplied with a weight wi

representing its importance. 

 Using signed weights also allows us to minimize one 

objective and to maximize another. 



Global optimization

Weighted Sums (Linear Aggregation)

 We can, for instance, apply a weight wa = 1 to an 

objective function fa and the weight wb = −1 to the 

criterion fb. 

 By minimizing g(x), we then actually minimize the first 

and maximize the second objective function. 

 If we instead maximize g(x), the effect would be 

converse and fb would be minimized and fa would be 

maximized. 

 Note that multi-objective problems are reduced to 

single-objective ones by this method.



Global optimization

Pareto Optimization

 The mathematical foundations for multi-objective 

optimization which considers conflicting criteria has 

been laid by Vilfredo Pareto more than 100 years ago

 Pareto optimality is an important notion in economics, 

game theory, engineering, and social 

 It defines the frontier of solutions that can be reached by 

trading-off conflicting objectives in an optimal manner



Global optimization

Pareto Optimization

The notion of optimal in the Pareto sense is strongly based 

on the definition of domination:

 An element x1 dominates (is preferred to) an element 

x2 (x1 ⊢ x2) if x1 is better than x2 in at least one 

objective function and not worse with respect to all other 

objectives. 

 The Pareto domination relation defines a strict partial 

order on the space of possible objective values, whereas  

the weighted sum approach imposes a total order by 

projecting it into the real numbers R.



Global optimization

 Optimization algorithms can be divided into two basic 

classes: deterministic and probabilistic algorithms. 

 Deterministic algorithms are most often used if a clear 

relation between the characteristics of the possible 

solutions and their utility for a given problem exists. 

 Then, the search space can efficiently be explored 

using for example a divide and conquer scheme. 



Global optimization

Probabilistic algorithms are used when:

 the relation between a solution candidate and its utility is 

not so obvious or it is too complicated, 

 the dimensionality of the search space is very high

 In many cases, trying to solve the problem 

deterministically would possible result in exhaustive 

enumeration of the search space, which is not 

feasible even for relatively small problems.



Global optimization

 An especially relevant family of probabilistic algorithms 

are the Monte Carlo-based approaches. 

 They trade in guaranteed correctness of the solution for 

a shorter runtime. 

 This does not mean that the results obtained using them 

are incorrect – they may just not be the global optima. 

 On the other hand, a solution a little bit inferior to the 

best possible one is better than one which needs 10100

years to be found.



Global optimization

 Heuristics used in global optimization are functions that 

help decide which one of a set of possible solutions is to 

be examined next. 

 Deterministic algorithms usually employ heuristics in 

order to define the processing order of the solution 

candidates. 

 Probabilistic methods may only consider those 

elements of the search space in further computations 

that have been selected by the heuristic.



Global optimization

 A heuristic is a part of an optimization algorithm that 

uses the information currently gathered by the algorithm 

to help to decide which solution candidate should be 

tested next. 

 Heuristics are usually problem class dependent.

 A metaheuristic is a method for solving very general 

classes of problems. 

 A metaheuristic combines objective functions or 

heuristics in an abstract and efficient way, usually 

without utilizing deeper insight into their structure, that is 

by treating them as black-box-procedures.







Global optimization

 The taxonomy (deterministic – probabilistic) classifies 

the optimization methods according to their algorithmic 

structure and underlying principles, that is from the 

viewpoint of theory. 

 A user who wants to solve a problem is however more 

interested in features  such as speed and precision.

 Speed and precision are conflicting objectives, at least 

in terms of probabilistic algorithms. 

 In general you can gain improvements in accuracy of 

optimization only by investing more time.



Global optimization

Global Optimization Algorithm

 Global optimization algorithms are optimization 

algorithms that employs measures that prevent 

convergence to local optima and increase the 

probability of finding a global optimum.



Global optimization

Observations:

 Optimization algorithms discover good elements with 

higher probability than elements with bad characteristics 

(this is what they should do).

 The success of optimization depends very much on the 

way the search is conducted.

 The success of optimization also depends on the time 

(or the number of iterations) the optimizer allowed to 

use.



Global optimization

Termination Criterion

 Possible criteria to decide whether terminate:

 maximum computation time: if this time has been exceeded, 

the optimizer should stop. Note that the time needed for single 

individuals may vary, and so will the times needed for iterations 

 total number of iterations: used when you want to know if a 

qualitatively interesting solution can be found using at most a 

predefined number of samples from the problem space

 No improvement in the solution quality could be detected for a 

specified number of iterations (the process has converged to a 

hopefully good solution)

 The optimization process has already yielded a sufficiently

good solution



Simulated           

annealing
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Simulated annealing 

 In metallurgy and material science, annealing is a heat 

treatment of material having the goal of altering its 

properties such as hardness

 Metal is melted into a liquid

 The initial temperature must not be too low 

 The cooling must be done sufficiently slowly

 The system passes from one energetic state to another 

 The metal arrives to a crystalline state with minimum 

energy
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 The system is  brought to the melting temperature 

 The system passes from state i to state j that is 

obtained by perturbing the state i

 The transition is determined by the Metropolis 

acceptance criterion
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Mathematical Model
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Simulated annealing

The Metropolis algorithm is used for optimization

problems in many areas of application

An example is the Travelling Salesman Problem, TSP:

Given a directed weighted graph, fing the minimum 

weight hamiltonian cycle

A cycle è is a closed path of a graph

A cycle is hamiltonian that visits each vertex exactly once
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Simulated annealing

TSP represent a wide class of combinatorial optimization

problems (NP-complete).

The energy of the annealing is represented by a cost

function that we want to minimize.

For the TSP problem the cost function is the length of the 

cycle

States represent possible solution of the optimization

problem



Simulated annealing

 To apply the Metropolis algorithm to find a solution for a 
combinatorial optimization problem, we need :

 Describe the possible configurations of our system

 Define the cost function 

 Define the control parameter T (Temperature for the 
annealing)

 For the TSP problem:

 Denote each town with an integer i=1,…, N

 Each town is positioned on the plane at coordinates 
(xi,yi)

 One configuration of the system is simply a 
permutation of the numbers 1,…, N



Simulated annealing

 The cost function can be defined as the total

length of the cycle:

Together with the assumption that the (N+1)-th

coincides with the first one
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General Scheme

 Input

 A random configuration 

 A starting value for the temperature depending on the 

maximum variation of the cost function 

 The goal value of the temperature

 We run a number of iterations until the goal 

temperature is reached

 During each iteration a fixed number of steps is 

excutedcorresponding to perturbations of the 

configuration



General Scheme

 More in detail, for each step:

 A random pertubation is selected 

 The variation of the cost function is computed

 The Metropolis acceptance test is executed 

 If the condition is verified, then the new condifiguration 

is accepted and the value of the cost function is 

updated



Simulated annealing

 To perturb a state corresponds to decide the 

neighborhood considered to search the minimum

 Different perturbations can be considered.

 The specific perturbation adopted influences the search 

during the iteration when the reference temperature is 

fixed

 The perturbations proposed by S. Lin (1965) effective for 

the solution of the problem are:

 Inversion di of a part of the 

 Insertion of a part of the path in a different position

 Perturbations are chosen according to a the cost function



Example of inversion



Example of insertion



Program implementation

 The graph is represented by its adjacency matrix

 Cartesian coordinates are associate to graph nodes

 Distances among towns are used many times

 Hence it is useful to generate the distance matrix, where 

the element (i,j) represents the distance between town i 

and town j



Program implementation

 Coordinates of nodes are in CO_V 

 Distance matrix can be computed as follows

ntown=8;

x=CO_V(:,1);

y=CO_V(:,2);

for nt=1:ntown

xx=CO_V(nt,1);

yy=CO_V(nt,2);

distance(nt:ntown,nt)=(sqrt((x(nt:ntown)-xx).^2+(y(nt:ntown)-yy).^2));

distance(nt,nt:ntown)=distance(nt:ntown,nt)';

end



Program implementation

 A path on a graph is given by a permutation of nodes 

of the graph 

 A path on a graph can be represented as an array 

 The starting path can be generated by using the 

function randperm of Matlab 



Program implementation

while Temp>= Tf

nsucc=0; % success counter

k=0

while k<= nstep

% a path consisting of at least three town is chosen

nn=0

while nn<3 | nn>=ntown-1

n=1+floor(ntown*rand(2,1));

nn=rem(n(1)-n(2)+ntown-1,ntown);

% choice of the perturbation between inversion and insertion

if rand >0.5 % if rand >0.5 then inversion

df=invert_c (n, p,ntown); % invert_c computes the cost function variation

if metropolis(df,Temp)

nsucc=nsucc+1; lbest=lbest+1;

p=invert (n, p,ntown); % invert implement the invertion

end



Program implementation

else % insert the selected path in a different position 

ns=n(2)+floor((nn-1)*rand+1);

if ns>ntown

ns=rem(ns, ntown);

end

df=insert_c(n,ns, ntown,p);

if metropolis(df,Temp)

nsucc=nsucc+1; lbest=lbest+1;

p=insert (n, ns, ntown,p); % insert path in a different position

end

end

if nsucc>max_nsucc

break

end

k=k+1

Temp=Tfatt*Temp % Tfatt<1 value used to decrease the temperature

…

end



Example

 Example of application of the Simulated annealing 

algorithm

 On the left the starting configuration is shown

 On the right the optimal solution is visualized



Metropolis acceptance test

function esito=metropolis(df,Temp)

% metropolis acceptance test:

% result=0 reject the perturbation

% result=1 accept the perturbation

if df>0

result=0;

elseif exp(-df/Temp)>rand

result=1;

else

result=0;

end



Inversion

function pn=invert(n,p,ntown)

% invertion of a part of the path

% Input:

% n ends of the part of the path to invert

% p current path

% ntown number of nodes

% Output:

% pn new cycle

function df=invert_c(n,p,ntown)

% compute the variation of the value of the cost function when a 
part of the path is inverted

% Input: same as above

% Output :

% df cost function variation



Insertion

Functions are similar to those used in the case 

of the inversion


